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Allowing triplet components of individual geminals, spin-contaminated strongly orthogonal geminal wave
functions may emerge, which can be ameliorated by spin-projection techniques. Of the latter, half-
projection was previously shown to be useful, offering a compromise between the amount of remaining
spin-contamination and the violation of size-consistency generated by projection. This paper investigates
how a half-projected spin-contaminated geminal wave function can be improved by multi-configuration per-
turbation theory, to incorporate dynamical correlation effects.

I. INTRODUCTION

Multi-reference perturbation theory (MRPT), aim-
ing at correcting wave functions that consist of more
than one determinant, has long been studied in de-
tail and several versions of it have appeared (see, e.g.
Refs.1–11). They often rely on some specific structure of
the multi-reference function (e.g., complete active space
(CAS)12,13, generalized active space (GAS)14, general-
ized valence bond (GVB)15,16, antisymmetrized product
of strongly orthogonal geminals (APSG)17,18), although
correction schemes to general incomplete model spaces
have also been developed19–21.

One general perturbation approach, which can, in prin-
ciple, perturb reference states of any structure, is repre-
sented by the so-called multi-configuration perturbation
theory (MCPT)22–25. In this paper, we shall apply its
simplest form22, which will be reviewed in Sect.III for
completeness.

The reference wave function, underlying the present
perturbation treatment, has a rather complicated struc-
ture. It is based on a strongly orthogonal geminal26,27

wave function, in which however, individual geminals
are not singlet constrained. Such wave functions have
been studied by Rassolov28–30, by Head-Gordon31,32, as
well as in our laboratory33–35. It was shown that allowing
for triplet components improves quality of the strongly
orthogonal geminal wave functions significantly, but at
the same time, it possibly generates considerable spin-
contamination. The latter can be prevented by ex-
plicit spin-coupling33 following a valence-bond type phi-
losophy, spin-adaptation36 via evaluating the effect of
Ŝ2, or by spin-projection techniques34, similar to ones
applied to the Unrestricted Hartree–Fock (UHF) wave
functions37–39. Full spin-projection followed by varia-
tion according to the latter scheme was shown to generate

significant size inconsistency. Therefore, in a previous
paper, we investigated the performance of the so-called
half-projection (HP) technique advocated by Smeyers40.
This early method has recently been revisited and suc-
cessfully applied within a mean-field theory41 as well as
to geminal-based wave functions35. As shown in Ref.35

that half-projection, while significantly reduces spin-
contamination, generates much smaller size-consistency
error than fully-projected spin-pure wave functions do.

Geminal-based reference states describe well static
correlation, but need corrections to account for sufficient
dynamic correlation. We aim at incorporating the latter
in this paper by means of MCPT.

II. HALF-PROJECTED UNRESTRICTED GEMINALS

An MS = 0 geminal is written as

ψ
+
µ =

(µ)

∑
i j

Ci j i+
β

j+α , (1)

with Greek indices labeling geminals, Latin indices
i, j,k, . . . referring to to spatial orbitals. To keep geminals
strongly orthogonal, we assign disjoint sets of spatial or-
bitals to each26,27, as expressed by symbol (µ) on the
summation. Unlike singlet constrained geminals, where
the coefficient matrix C is kept symmetric, we impose
no symmetry for it, which may generate a triplet com-
ponent corresponding to the anti-symmetric part of C.
Geminal expansion coefficients Ci j have been variation-
ally optimized in each case, whether or not applying half-
projection.

In the present paper, spatial orbitals are the natural or-
bitals (NOs) of the MS = 0 UHF wave function (UNOs),
and are not optimized, cf. UNO-CAS42.
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To express the fact that the geminals are expanded
within the local subset of spatial orbitals assigned to
them, we call them “strictly localized”, and the entire
N-electron wave function is written as

|USLG〉=
N/2

∏
µ

ψ
+
µ |vac〉. (2)

In the above acronym, ‘U’ refers to the application of
UNOs.

Eventual spin-contamination exhibited by Eq.(2) has
to be treated. For reasons mentioned above, we employ
half-projection40,43, achieved by applying the projection
operator

P̂S =
1
2

Ä
1 + f P̂sf

ä
, (3)

where f = (−1)S S being the desired overall spin quan-
tum number, and P̂sf standing for the spin-flip operator
acting as

P̂sf i+
β
. . . j+

β
k+α . . . l+α |vac〉

= k+
β
. . . l+

β
i+α . . . j+α |vac〉

= (−1)N/2i+α . . . j+α k+
β
. . . l+

β
|vac〉 ,

(4)

where N/2 = Nα = Nβ (merely Sz = 0 states are treated
here).

Our final normalized reference state has the form

|HP-USLG〉= P̂S|USLG〉
〈P̂S USLG|P̂S USLG〉1/2

. (5)

As known, half-projection by operator (3) does not re-
move all contaminants, e.g. for even S values the com-
ponents with odd S are eliminated. For technical details,
we refer to Ref35.

There are two philosophies by which spin-
contaminated wave functions can be subjected to a
perturbation treatment. One is to follow the route used
in inter-molecular interactions, when antisymmetry of
the product function is violated at the zeroth order, and
symmetry-adapted perturbation theory (SAPT) is used
to restore symmetry44–47. In this method the actual
reference state is the unprojected, symmetry-violating
wave function of Eq.(2), and symmetry-projection is
applied in course of the perturbative treatment. Such
a solution has been generalized to the present, spin-
violating situation, as will be published in a separate
paper. The second possibility followed here, is to treat
the projected wave function directly by some flexible
variant of perturbation theory. As stated before, MCPT
is ideally suited for this purpose.

The role of (half-)projection in extended systems has
to be commented. It is known for a long time48,49 that the

effect of full projection diminishes with increasing sys-
tem size, for energy per monomer. In a recent paper35,
we have also addressed this point and found that the same
holds for half-projection, too. These findings stand for
the energy of the system, the structure of the wave func-
tion, however, is affected by the projection.

III. REVIEW OF MCPT

Rather than being one specific method, MCPT is a
general framework which falls into the “diagonalize-
then-perturb” (“single-but-multi”) category of multi-
reference perturbation theories.

Define a projector corresponding to the normalized
|HP-USLG〉 wave function

Ô = |HP-USLG 〉〈 HP-USLG|

and its orthogonal complement P̂ = 1− Ô. Next, con-
sider a set of determinants |k〉, generated by single, dou-
ble, etc. excitations on a dominant determinant |D〉 cho-
sen as the ‘principal’ component of |HP-USLG〉:

|HP-USLG〉 = d0 |D〉 + ∑
k=1

dk |k〉. (6)

where only the singular case d0 ∼ 0 is excluded. In some
cases, e.g. when addressing open-shell triplet states,
|D〉 can be substituted by the respective spin-adapted
configuration-state-function (CSF).

Consider now the set of vectors |HP-USLG〉 and |k〉
(k = 1,2, . . .), which altogether span the full N-electron
space. However, they constitute an overlapping basis,
as |HP-USLG〉 and vectors |k〉 are not orthogonal. For
brevity, we use |0〉 ≡ |HP-USLG〉 in the following. To
deal with the situation of overlapping basis vectors, con-
sider the set of projected determinants

|k′〉= P̂|k〉= (1− Ô)|k〉

which are orthogonal to the reference state, but overlap
among themselves. The full overlap matrix reads

S =

ï
〈0|0〉 〈0|P̂|l〉
〈k|P̂|0〉 〈k|P̂|l〉

ò
=

ï
1 0
0 S

ò
where the overlap matrix S of the projected excited de-
terminants possesses the elements

Skl = 〈k′|l′〉= 〈k|P̂|l〉= δkl−〈k|0〉〈0|l〉= δkl − dk dl

having the inverse

(S−1)kl = δkl +
dkdl

1− ∑
j=1

(d j)2 = δkl +
dkdl

d2
0

. (7)

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
53

72
7



3

Knowing the inverse metric explicitly permits one to
specify a reciprocal set of vectors ˜〈k′|:

˜〈k′|= ∑
j=1

(S−1)k j〈 j′|,

which, using Eq.(7), can be written as

˜〈k′|= 〈k′|+ dk

d2
0

∑
j=1

d j 〈 j′|

which are bi-orthogonal to the original basis vectors, and
facilitate the following definition of a zero order Hamil-
tonian

Ĥ0 = E0 Ô+ ∑
k=1

Ek |k′〉 ˜〈k′|, (8)

where E0 = 〈0|H|0〉 is chosen as the energy of the refer-
ence state. The excited state energies Ek are in principle
arbitrary quantities that define the partitioning via speci-
fying Ĥ0.

Important properties of Ĥ0 are:

Ĥ0|0〉= E0|0〉

and

Ĥ0|k′〉= Ek|k′〉.

The lowest order energies, as obtained by bi-
orthogonal perturbation theory, can be expressed as fol-
lows. With Ŵ = Ĥ− Ĥ0 standing for the perturbation
operator, at first order we have

E1 = 〈0|Ŵ |0〉 = 0,

while the second order energy reads

E2 =−〈0|Ŵ Q̂Ŵ |0〉=−∑
k=1

〈0|Ŵ |k′〉 ˜〈k′|Ŵ |0〉
Ek−E0

.

In this formula E0 is the energy of the reference state,
while the excited energies are chosen as the diagonal ma-
trix elements Ek = 〈k|Ĥ|k〉, in the spirit of the Epstein–
Nesbet (EN) partitioning50,51.

The simplicity of these results has the consequence
that with MCPT one can perturb reference functions of
arbitrary complexity and structure. All that is needed is
a list of configurations, i.e., the weights of the of deter-
minants in the reference function. It is, therefore, well
suited for evaluating perturbations of the HP-USLG ref-
erence state. A few examples will be reported below.

Neither the zero-order projected wave function, nor
the MCPT procedure applied here, are fully size exten-
sive/consistent. While a variant of MCPT has been pre-
viously published which is size-consistent at the second
order23, here we remained at the formulation discussed
here, because the HP-USLG reference state would spoil
size consistency anyway. To demonstrate the numerical
effect of this error, we performed a test calculation, see
Sect. IV IV.1.

IV. RESULTS

As mentioned in Sect. II, in obtaining the numerical
results presented below, the underlying basis set was set
up by UNOs. Geminal subspaces were determined ac-
cording to the pairing of UNOs, with two-dimensional
active geminals built from two orbitals with occupation
numbers adding up to two. After half-projection, we
switched to the respective NOs, while doubly occupied
and virtual orbitals were pseudo-canonicalized by diago-
nalizing the corresponding block of the generalized Fock
matrix.

IV.1. The H4 model

We considered first the frequently investigated model
of four H atoms, monitoring its rectangle-to-square dis-
tortion near the square arrangement. The four atoms
move on a circle of 1.0 bohr radius. The actual ge-
ometry is specified by angle α = ∠(HXH), with X de-
noting the center of the circle. Each of the two gemi-
nals is correlated at the (HP-)USLG level of theory. In
the geometry range presented here, the system has a
triplet ground state based on full configuration interac-
tion (FCI). USLG calculations yield spin contaminated
results for the ground state, with 〈Ŝ2〉USLG falling be-
tween 1.43 and 1.80 (instead of being 2.00 for spin pure
cases). The singlet state can be described in a spin pure
manner by USLG. In comparison, HP-USLG yields a
pure triplet state, but a slightly spin contaminated singlet
solution ( 〈Ŝ2〉HP-USLG falling between 0.03 and 0.04).

Figures 1–3. show the energies of the triplet state, sin-
glet sate, and the singlet-triplet gap, respectively. For two
selected angles, the triplet energy and the gap is given
also in Table I., to show the numbers more accurately.
For benchmark, the FCI data were used in each case.

The results in Table I indicate that unrestricted gemi-
nal energies are far from being sufficiently accurate, and
half-projection offers only a marginal improvement. If
MCPT is applied onto the USLG reference state, the re-
sults do not get better. However, if MCPT is used to
correct the half-projected USLG wave function, both to-
tal energies and energy differences greatly improve, and
the curves in Figs. 1–3. run nicely parallel with the FCI
ones.

In Table II, we present the energies of a single H4 sys-
tem and its dimer, with monomers separated at infinite
distance in the latter, in order to test the size-consistency
of the HP-USLG reference state and of the second or-
der PT correction as obtained by MCPT. As seen, the 28
mEh size consistency error of the reference state is di-
minished by cca 15% upon computing the second order
PT correction. Note that if the PT series converged, the
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FIG. 1. Total energy (in Eh) of the triplet state of the H4
molecule in 6-311G∗∗ basis. Term "EN" refers to the Epstein-
Nesbet type partitioning of MCPT.
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FIG. 2. Total energy (in Eh) of the singlet state of the H4
molecule in 6-311G∗∗ basis.

TABLE I. Total energy of the triplet state (in Eh) and singlet-
triplet gap (∆E = ES − ET, in mEh) of the H4 system in 6-
311G∗∗ basis. Benchmark is provided by FCI.

α / ◦

85 90
method ET ∆E ET ∆E
USLG −1.863433 20.41 −1.864476 39.53
USLG-MCPT −1.930691 −3.77 −1.983307 67.08
HP-USLG −1.871671 18.72 −1.875856 38.30
HP-USLG-MCPT −1.931599 5.11 −1.935273 28.48
FCI −1.928906 7.13 −1.932478 30.84

size-consistency error should naturally tend to zero with

  5.0
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FIG. 3. Vertical excitation energies (ES−ET, in mEh) of the
H4 molecule in 6-311G∗∗ basis.

increasing order. There are two alternative, energetically
equivalent forms of the half-projected geminal product
wavefunction of the dimer, differing in a spin flip of one
of the monomers. The PT corrected function and energy
can be seen to be the same when built upon either of these
two possible zero order functions.

TABLE II. Size consistency test of HP-USLG-based second
order MCPT method for the h4 system in the singlet state. Total
energies in Hartree, energy differences in mEh. The monomer
geometry is slightly distorted from the square arrangement with
α = 85◦. The basis set is 6-311G**.

method EH4 EH8 EH8-2 EH4

HP-USLG -1.852955 -3.733701 -0.028
HP-USLG-MCPT2 -1.926492 -3.876795 -0.024

IV.2. Ozone

As a next example the O3 molecule was treated in
the cc-pCVDZ basis52. Of the 12 geminals constitut-
ing the product wave function, 6 are correlated both
for USLG and HP-USLG: two have π character, and
four have σ symmetry. Occupation number threshold
for doubly occupied orbitals is 1.9996. At the USLG
level of theory, the singlet state is not spin pure, with
〈Ŝ2〉USLG = 0.014. This slight spin contamination is ac-
companied by spatial symmetry violation. The triplet
state by USLG is of correct spin and spatial symme-
try. HP-USLG is somewhat spin contaminated for both
states, yielding 〈Ŝ2〉HP-USLG = 0.023 for the singlet, and
2.001 for the triplet solution, however, both states pos-
sess correct spatial symmetry. Since spin-contamination
at the level of USLG is marginal, it is not expected to
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undermine the performance of PT built upon it53. (This
is in marked difference with the case of p-benzyne and
cyclobutadiene, vide infra.)

The ground state energy and the singlet-triplet gap is
given in Table III. The present results are compared to
linear-response coupled cluster (CCSD-LR or CCSDT-
LR) literature data by Jagau and Gauss54. The table
shows that the total energy of the singlet state, as ob-
tained by USLG, is rather far from the reference energy,
but MCPT nicely improves it. The same holds for the
vertical excitation energies, too. Half-projection induces
only a minor improvement on the spin-contaminated sin-
glet energy, while does not improve the excitation energy
at all. Second order MCPT after half-projection shows
rather similar results to the perturbed unprojected num-
bers.

TABLE III. Ground state energy (in Eh) and vertical excita-
tion energy (in eV) of the lowest triplet state of ozone in cc-
pCVDZ basis. Single-reference CC based linear response cal-
culations are cited as benchmark. Symmetry of the molecule
is C2v with parameters taken from Ref.54 as RO–O = 1.2569 Å
and ∠(OOO) = 116.54◦.

1A1
1A1→ 3B2

USLG −224.3653 0.977
USLG-MCPT −224.9275 1.721
HP-USLG −224.3746 0.937
HP-USLG-MCPT −224.9186 1.742
CCSD-LR1 −224.9981 1.421
CCSDT-LR1 −225.0311 1.716

1 Ref.54

IV.3. Para-benzyne, C6H4

We continue with para-benzyne (Table IV). For refer-
ence, spin-flip calculations by Slipchenko and Krylov55

are used, the vertical gap of which is in nice agree-
ment with the experimental value. Apart from the two-
electron unit with diradical character (built from σ or-
bitals), three geminals (consisting of the π orbitals of the
carbon atoms) are also correlated at the level of USLG
and HP-USLG. Here the role of half-projection appears
to be much more important than for O3, since the unpro-
jected perturbed USLG-MCPT gap is of wrong sign. The
good agreement between unprojected USLG gap and the
reference value is fortuitous, especially since the sin-
glet USLG energy is quite far from the reference value.
MCPT gives rather large second order corrections, but
without half-projection it does so in an unbalanced man-
ner, reversing the order of the singlet and triplet states.
This error is nicely corrected if half-projection is applied
before perturbation. Note also that the energy separa-

TABLE IV. Total energies (in Eh) and adiabatic gap
(∆E = E(3B1u)−E(1Ag) in eV) for para-benzyne in 6-31G∗

basis.
E(1Ag) E(3B1u) ∆E

USLG −229.42265 −229.41751 0.140
USLG-MCPT −230.17913 −230.19382 −0.400
HP-USLG −229.43891 −229.43906 −0.004
HP-USLG-MCPT −230.17014 −230.16269 0.203
SF-OD1 −230.15415 0.174
expt. 0.165±0.016
〈Ŝ2〉HP-USLG 0.25 2.17
〈Ŝ2〉USLG 1.05 2.00

1 Spin-flip orbital optimized CC doubles, Ref.55

tion for para-benzyne is smaller by an order of magnitude
than that for ozone.

Inadequacy of unprojected results is indicated by the
expectation values of the Ŝ2 operators, which is quite
pathological for the spin-contaminated singlet state with-
out projection (the triplet state is spin-pure in this case.)
After half-projection the spin of the singlet state im-
proves greatly, while a small spin-contamination is gen-
erated for the triplet.

IV.4. Cyclobutadiene, C4H4

In our final example we asses the adiabatic gap be-
tween the rectangular singlet ground state and the low-
est lying triplet excited state at equilibrium square ge-
ometry of cyclobutadiene. Two π-type geminals are
allowed to be correlated (occupation number threshold
for doubly occupied UNOs being 1.98) at the level of
the reference. Calculations were performed in the aug’-
cc-pVTZ basis (prime indicating that the f functions
on carbon and d functions on hydrogen atoms were
dropped from the basis set). Geometric parameters for
the rectangular singlet state, borrowed from Ref.56 are
RC−C = 1.562 Å, RC=C = 1.349 Å, RC−H = 1.077 Å and
∠(HCC) = 134.9◦ being the angle between C–H and the
longer C–C bond. For the triplet state of D4h symmetry,
RC−C = 1.442 Å and RC−H = 1.076 Å were employed.
The singlet root by USLG is heavily spin contaminated,
as is reflected by the corresponding total spin expectation
value in Table V. Just like for para-benzyne, spin sym-
metry violation is accompanied by breaking of spatial
symmetry. HP-USLG greatly improves spin character of
the singlet state and fully restores spatial symmetry. The
triplet state is spin pure by both methods. Note how-
ever, that spin is correct by HP-USLG only after projec-
tion; the underlying geminal product function is in fact
spin contaminated, i.e., it differs from the USLG solu-
tion. This explains the different energies obtained for the
triplet state by USLG and HP-USLG (cf. Table V). Re-
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TABLE V. Total energies (in Eh) and adiabatic gap
(∆E = E(3A2g)−E(1Ag) in kcal/mol) for cyclobutadiene in
aug’-cc-pVTZ basis.

E(1Ag) E(3A2g) ∆E
USLG −153.71182 −153.69196 12.5
USLG-MCPT −154.35800 −154.36759 −6.02
HP-USLG −153.72581 −153.72816 −1.48
HP-USLG-MCPT −154.34365 −154.30809 22.3
MR-AQCC/SA-CAS1 −154.3658 −154.3440 13.7
〈Ŝ2〉HP-USLG 0.21 2.00
〈Ŝ2〉USLG 0.74 2.00

1 Ref.56, without zero-point energy

sults obtained by multi-reference averaged quadratic CC
(MR-AQCC)56 serve as benchmark.

Energetic data reflect very similar tendencies to the
case of para-benzyne. While adiabatic gap by USLG
is remarkably accurate, that is merely accidental, as to-
tal energies are far from the reference MR-AQCC values.
Applying MCPT with USLG reference deteriorates these
results and provides an incorrect energetic order of states.
In comparison, without PT, HP-USLG does not perform
very well: it yields an incorrect sign for the singlet-triplet
gap. Incorporating dynamic correlation by MCPT cures
this problem, and provides a gap of correct sign and order
of magnitude.

V. CONCLUSION

Severe spin-contamination of the reference state spoils
the performance of PT. This well-known experience at
the single-reference level is demonstrated here on mul-
tideterminantal examples. Pathological cases are seen
to be remedied by applying half-projection prior to PT
treatment. The generally applicable MCPT framework
is ideally suited for incorporating dynamical correlation
with the HP-USLG reference, and performs remarkably
well in the EN-type partitioning.

Data availability
The data that support the findings of this study are

available from the corresponding author upon reasonable
request.
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