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Vibrational optical activity of chiral carbon nanoclusters treated
by a generalized π -electron method
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Cross sections of inelastic light scattering accompanied by vibronic excitation in large conju-
gated carbon structures is assessed at the π -electron level. Intensities of Raman and vibrational
Raman optical activity (VROA) spectra of fullerenes are computed, relying on a single electron
per atom. When considering only first neighbor terms in the Hamiltonian (a tight-binding (TB)
type or Hückel-model), Raman intensities are captured remarkably well, based on comparison
with frequency-dependent linear response of the self-consistent field (SCF) method. Resorting to
π -electron levels when computing spectral intensities brings a beneficial reduction in computational
cost as compared to linear response SCF. At difference with total intensities, the first neighbor
TB model is found inadequate for giving the left and right circularly polarized components of the
scattered light, especially when the molecular surface is highly curved. To step beyond first neighbor
approximation, an effective π -electron Hamiltonian, including interaction of all sites is derived from
the all-electron Fockian, in the spirit of the Bloch-equation. Chiroptical cross-sections computed
by this novel π -electron method improve upon first-neighbor TB considerably, with no increase in
computational cost. Computed VROA spectra of chiral fullerenes, such as C76 and C28, are reported
for the first time, both by conventional linear response SCF and effective π -electron models.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4862682]

I. INTRODUCTION

Chiral nanostructures are currently in the focus of
nanoscience,1–4 including inherently chiral systems such as
chiral fullerenes, single-walled carbon nanotubes (SWNT)
and their derivatives.5, 6 Although many applications using
carbon nanostructures (CNS) require precise control over the
molecular structure and properties, only recently has atten-
tion turned towards optical resolution of racemic mixtures of
fullerene7 and SWNT8 samples. Enantiomer enrichment has
been already achieved in a couple of studies, based on chiral
recognition9–15 as well as by asymmetric synthesis.16–19

For characterization of chiral structures, chiroptical
spectroscopy is the standard tool. Chiroptical spectroscopy
exists in many variants20 still, only electronic circular dichro-
ism (ECD)21 has been applied so far for chiral CNS (CCNS)
characterization and derivatives thereof. Absolute configu-
ration of chiral fullerenes has been determined based on
ECD measurements of D2 isomers of C76,16, 22, 23 C78,18 and
C84.18, 19 Enantiomer assignation has been aided by ECD or
optical rotatory dispersion computations at the semi-empirical
level23, 24 or by the application of time dependent density
functional theory (TD-DFT).5, 25–29 A limited number of stud-
ies have been performed on the SWNT ECD spectra by
experiment8, 11–15 and by theory.27, 30–32 Induced optical activ-
ity of originally achiral molecules can be measured by mag-
netic circular dichroism (MCD).33 The first theoretical MCD
studies targeted π -electron systems.34, 35 Interest in MCD
spectra of fullerenes is vivid till our days.36, 37

a)Email: szabados@chem.elte.hu

Though no CCNS measurements have been reported yet,
vibrational optical activity38, 39 (VOA) is especially appealing
for structural studies on chiral systems.40 On one hand, VOA
is a promising method—complementary to ECD41, 42—when
aiming enantiomer identification. On the other hand, transi-
tion between vibrational states, e.g., VOA reveals much more
structural information than ECD.

Of the two established forms of VOA—vibrational cir-
cular dichroism43 (VCD) and vibrational Raman optical
activity44 (VROA or more simply ROA)—the present study
focuses on the latter. Since Raman spectroscopy is a basic ex-
perimental tool for SWNT characterization,45, 46 VROA has a
special significance in the context of CCNS.

Increase in experimental spectroscopical interest to-
gether with the rapid development in CCNS sample
preparation gives strong motivation for computational
chiroptical CCNS studies. In fact, recent theoretical devel-
opments in describing VOA spectra is remarkable.47 Cur-
rent computational VROA studies mostly rely on linear
response theory48 based on the self-consistent-field (SCF)
approximation (Hartree–Fock (HF) or Kohn–Sham (KS)).
Incorporation of many-body effects in VROA intensity
calculations is affordable only for small molecules and can-
not be regarded well-spread.49–51 According to numerical
experience,52–56 HF or KS linear response can be considered
sufficient in most cases for reproducing experimental ROA
spectra.

The two main steps of spectrum simulation are the
calculation of (i) positions and (ii) intensities of spectral
lines. Within the harmonic approximation, the first step
of a Raman or ROA spectrum simulation is to obtain the
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vibrational normal modes, which involves calculation and
full diagonalization of the Hessian of the molecular potential
energy surface. For large clusters, this represents the compu-
tational bottleneck of modern ROA modeling.57 Assuming
non-resonant incident frequency, the second step necessi-
tates calculation of geometrical derivatives of molecular
polarizability tensors. These quantities are in principle third
derivatives of the total energy. Still, VROA intensities can be
computed based on the linear response of the wavefunction,
exploiting the 2n + 1 theorem.58

To reduce the computational cost associated with Ra-
man or ROA spectrum simulation, molecular symmetry can
be efficiently exploited: e.g., line-group symmetry has been
imposed59 to assess three Raman active SWNT modes.60

Simplification of the molecular energy expression is another
way to keep the cost relatively low. For example, a quan-
tum chemical force field developed for π -electron systems
(QCFF/PI)61 has been shown to reproduce experimental C76

vibrational frequencies within a few cm−1.62 Admittedly, the
quality of QCFF/PI normal coordinates—which strongly in-
fluence scattering intensity—has not been assessed yet. For
large molecules, it often helps to build ROA spectra using in-
dependent contributions of small parts of the molecule, cf.
cartesian coordinate tensor transfer technique.63, 64 Unfortu-
nately, approaches based on the idea of segmentation are
not suitable for CCNS, due to their indivisible delocalized
π -electron system.

From the computational point of view, extended size
of CNS is especially disadvantageous. State of the art
ab initio ROA implementations57, 65, 66 are far from being
applicable for systems accommodating hundreds of carbon
atoms. Resorting to π -electrons is a straightforward way
to cost-effectiveness in the case of conjugated systems. A
properly parametrized, effective model can be highly useful
for π -electron systems.23, 62, 67–77 Among π -electron models,
the first-neighbor approximation (here called first-neighbor
tight-binding (TB) or Hückel-model) represents the sim-
plest approach. When applied in a broader sense, the TB
approximation may refer to the application of a distance
based cutoff. There are many variants of the TB model in this
broader sense, ranging from π -electron, through all-valence
to all-electron models.78, 79 In particular, TB density func-
tional theory (DFTB)80 and its time-dependent extension
(TD-DFTB)81 is a rapidly developing, low cost alternative for
describing light-molecule interactions.82 It has been already
applied for both fullerenes83 and nanotubes.84 Abbreviation
TB is used for first-neighbor TB in this work. Distance based
cutoff is not applied in the present study. To avoid confusion,
the epithet “first-neighbor” precedes TB wherever space
permits.

Applicability of effective models cannot be taken for
granted in all circumstances. For instance, the first-neighbor
approximation within the π -electron model fails to describe
hybridization effects in highly curved CNS. Incorporating
second and more distant neighbor terms has been shown to
correct for this effect.67 Our intentions with the present study
are precisely to overcome such limitations of a simple π -
electron model, when applied to CNS optical activity calcula-
tions. The goal is to assess the performance of a generalized

π -electron approximation in computing CNS VROA spectral
intensities.

The study starts from the simplest possible π -electron
model and gradually introduces improvements along two
lines: (i) in the model Hamiltonian and (ii) in the calculation
of property (electric/magnetic dipole and electric quadrupole)
integrals. Among the effective Hamiltonians considered, the
most complex one is a generalized π -electron model, de-
rived from the molecular Fockian, following the idea of
Bloch-equation85, 86 or energy independent partitioning.87

At each step of the theoretical improvement, performance
of the model is compared to linear response SCF spectra.
Focus is intentionally put on spectral cross-sections. Line
positions are assumed to be the same when calculating in-
tensities by either of the theoretical models. The B3LYP
functional with polarized valence double or triple zeta basis
set is adopted for computing harmonic normal modes. Chi-
ral fullerenes are applied as test cases. In addition to ROA,
Raman spectra are also reported to compare the reliability
with VROA at the same level of theory. As Raman measure-
ments are accessible, it also facilitates comparison with ex-
periment. To the best of our knowledge, neither experimental
nor calculated VROA spectra have been reported for chiral
fullerenes yet.

II. MODEL HAMILTONIAN

A one-electron model is adopted throughout the study,
given by the second-quantized expression

Ĥ =
∑
μ ν

hμν

∑
σ

χ+
μσ χ−

νσ , (1)

assuming orthogonal atomic orbitals (AO), χμ. Symbols χ+
μσ

(χ−
νσ ) refer to the associated creation (annihilation) operators

with spin σ . Different levels of approximation affect the num-
ber of AO and the expression of one-electron integrals, hμν . A
π -electron model considers just one basis function per atom.
In the first-neighbor TB approximation we take hμν nonzero
only if atoms μ and ν are first neighbor, and the one-electron
(hopping) integrals are expressed as

hTB
μν = −h0 e−ζRμν , (2)

where Rμν measures the distance between atoms μ and ν. Pa-
rameters h0 = 243.50486 eV and ζ = 0.3074518 Å−1 are de-
termined to match the experimental excitation energy of ethy-
lene and poly-acetylene as described in Refs. 73 and 88. This
parameter set was previously found successful in describing
several spectrosocopic properties of fullerene88 and the elec-
tronic structure of fullerene polymers.73 The field free excita-
tion spectrum is an essential ingredient contributing to spec-
troscopic intensities, we therefore find this model sufficient
for the purpose of this study. Reparametrization, focusing on
chiral fullerenes and Raman/ROA spectral intensities could
undoubtedly improve the first-neighbor TB results reported
below, but this is out of our present scope.

Stepping beyond the first neighbor approximation, but
staying with a one-electron Hamiltonian, we wish to see what
can be best achieved by an all-π model. For this end hop-
ping integrals between each atom are derived from more
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sophisticated one-electron models, in the spirit of the Bloch-
equation.67, 85, 86 As a starting point an SCF Fockian is
taken, expressed in terms of the orbital energies, εp and the
molecular orbitals (MO), ψp as

F̂ =
∑

p

εp

∑
σ

ψ+
pσ ψ−

pσ .

To select MO’s constituting the π -electron system, a projector
P̂ π is formulated as

P̂ π =
′∑
μ

∣∣χ ⊥
μ

〉〈
χ̃ ⊥

μ

∣∣,
where the prime on the sum indicates restriction to 2p AO’s,
oriented perpendicular to the molecular surface. Such AO’s
are overlapping, this is the reason for the appearance of recip-
rocal functions χ̃ ⊥

μ , satisfying〈
χ̃ ⊥

μ

∣∣χ ⊥
ν

〉 = δμν.

Among projected MO’s

ψ ′
p = P̂ πψp,

those having the largest norm are selected. Projected orbitals
ψ ′

p are orthonormalized among themselves by Löwdin’s sym-
metrical procedure,89 to give the set of (orthonormal) π -MO’s

ψπ
p =

′∑
q

S−1/2
qp ψ ′

q .

Prime on the sum now indicates restriction to the selected
projected MO’s and S−1/2 refers to the inverse square root of
the overlap of functions ψ ′

p. When constructing the effective
π -Hamiltonian, orbital energies of the original Fockian are
assigned to the π -MO’s:

Ĥ all−π =
′∑
p

εp

∑
σ

(
ψπ

pσ

)+ (
ψπ

pσ

)−
.

To conform with Eq. (1), it is practical to rewrite the all-π
Hamiltonian in terms of the Löwdin-orthogonalized orbitals,
denoted by

χL
μ =

′∑
ν

T −1/2
νμ χ ⊥

ν ,

with T being the overlap matrix of the normally oriented 2p
AO. In terms of χL

μ , operator Ĥ all−π takes the form

Ĥ all−π =
∑
μν

hall−π
μν

∑
σ

(
χL

μσ

)+ (
χL

νσ

)−
, (3)

with

hall−π
μν =

′∑
pqr

′∑
λ κ

T
(1/2)
μλ Cλq S−1/2

qp εp S−1/2
pr Cκr T (1/2)

κν . (4)

In the above, indices p, q, r run for the selected, π -projected
MO’s, indices λ, κ are restricted to perpendicular oriented 2p
AO’s, and Cλq are the expansion coefficients of π -projected
MO’s according to

ψ ′
q =

′∑
λ

Cλq χ ⊥
λ .

Regarding the Hamiltonian, either the first-neighbor TB
model, given by Eqs. (1) and (2) or the all-π model, given
by Eqs. (3) and (4), is applied in the calculations below. To
derive the all-π model, the ab initio Fockian is computed with
minimal basis set.

The all-π model devised here is related to previous works
by Szakács et al.,67 Riberio and Macedo,90 Popov,91 and
Meyer et al.92 The latter study is particularly akin in the way
of generating the model Hamiltonian. Similarly to the present
all-π approach, Meyer et al. determine system-specific TB
parameters from ab initio data, by projection to a small,
optimized set of basis functions.

III. PROPERTY INTEGRALS

To pick up the most dominant effects, we apply the zero
differential overlap (ZDO) approximation93 when comput-
ing integrals of multipole moments responsible for electron-
photon coupling.

At the ZDO level, the electric dipole integrals reduce to

dλν = − 〈
χ ⊥

λ

∣∣ r̂
∣∣χ ⊥

ν

〉 = − δλν Rλ, (5)

where r̂ is the position operator of the electron and Rλ is
the position vector of nucleus λ. Following Linderberg and
Seamans,94 momentum integrals, necessary for the magnetic
dipole, are derived based on the equation of motion (EOM)

p̂ = − i[r̂, Ĥ ]. (6)

At the ZDO level, this relation leads to

mλν = 1

2

〈
χ ⊥

λ

∣∣(r̂ − G) × p̂
∣∣χ⊥

ν

〉 = i

2
hλν[(Rλ − G) × Rν],

(7)

for the magnetic dipole, with G denoting the gauge-origin.
The third property needed for VROA intensities, is the electric
quadrupole defined as

θ̂αβ = − 1

2

(
3 r̂α r̂β − δαβ

∑
γ

r̂2
γ

)
,

with α, β, γ referring to Descartes-components. Matrix ele-
ments taken with 2p orbitals oriented normally to the surface
are given by

(θαβ)λν = 〈
χ ⊥

λ

∣∣ θ̂αβ

∣∣χ ⊥
ν

〉
= −1

2
δλν

(
3 Rλ

α Rλ
β −δαβ

∑
γ

(
Rλ

γ

)2+I λ
αβ

)
, (8)

using the ZDO approximation. Term Iλ
αβ is a quadratic func-

tion of the relative coordinate ρ̂λ = r̂ − Rλ according to

I λ
αβ = 〈χ ⊥

λ | 3 ρλ
αρλ

β − δαβ

∑
γ

(
ρλ

γ

)2 |χ ⊥
λ 〉.

The value of I λ
αβ depends on the orientation of the 2p orbitals

with respect to the external field. It is calculated in an analytic
manner, taking Slater 2p orbitals with exponent ζ = 1.625.

Property integrals needed for VROA cross sections are
given by Eqs. (5), (7), and (8) at the ZDO level. To test the
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accuracy of the ZDO assumption, integrals computed with
STO-6G orbitals are also applied below.

When calculating magnetic properties, gauge-invariance
of observables has to be considered. Since the magnetic
dipole integral Eq. (7) relies on the EOM of Eq. (6), gauge-
invariance is ensured at the ZDO level. When applying
integrals over STO-6G orbitals the EOM of Eq. (6) is not ful-
filled. To achieve gauge-origin independence in such circum-
stances, one may recourse to a dipole velocity formulation95

or integrals expressed with gauge-including atomic orbitals,
also called London-orbitals.49, 96 Both approaches are tested
below. In addition, the gauge-dependent dipole length repre-
sentation is also examined, with the gauge-origin fixed at the
center of the positive charge.

IV. SPECTRAL INTENSITIES

The key quantities, determining the difference in the
intensity of left and right circularly polarized component in
the scattered light, are three transition polarizabilities. Their
expression, within Placzek’s approximation,97 following from
time-dependent linear response theory,58 is listed here for
the case of a one-electron model Hamiltonian, Eq. (1). The
electric dipole-electric dipole tensor reads as

ααβ = −〈〈dα, dβ〉〉ω

= 2
occ∑
i

virt∑
a

(
(dα)ia (dβ)ai

ωai − ω
+ (dβ)ia (dα)ai

ωai + ω

)
, (9)

with ω standing for the energy of the incident light and in-
dices i, a referring to occupied and virtual MO, respectively.
Symbol ωai denotes the energy difference of orbitals a and i,

ωai = εa − εi .

The electric dipole-magnetic dipole tensor looks126

G ′
αβ = −Im〈〈dα,mβ〉〉ω

= 2
occ∑
i

virt∑
a

Im

(
(dα)ia (mβ)ai

ωai − ω
+ (mβ)ia (dα)ai

ωai + ω

)
. (10)

Finally, the electric dipole-electric quadrupole tensor is given
as

Aα,βγ = −〈〈dα, θβγ 〉〉ω

= 2
occ∑
i

virt∑
a

(
(dα)ia (θβγ )ai

ωai − ω
+ (θβγ )ia (dα)ai

ωai + ω

)
. (11)

Notation 〈〈.〉〉 ω used above is a shorthand for frequency-
dependent response functions.58

Energy being absorbed in the vibrational degrees of
freedom, spectral intensities are determined by derivatives of
transition polarizabilities with respect to the normal coordi-
nates, Qp. Adopting the Herzberg-Teller expansion97 up to
first order, the so-called electron-phonon and phonon-photon
coupling are both included. With the notation

α
p

αβ =
(

∂ααβ

∂Qp

)
0

, (12)

for derivatives taken at the equilibrium geometry tensor
invariants,98 contributing to Raman and ROA cross sections,
take the form

β(αp)2 = 3

2
Tr(αp αp) − 1

2
Tr(αp)2,

β(G ′p)2 = 3

2
Tr(αp G ′p) − 1

2
Tr(αp)Tr(G ′p),

β(Ap)2 = ω

2

∑
αβγ δ

α
p

αβ εαγ δ A
p

γ,δβ,

where εαγ δ is the Levi-Civita symbol. Raman and ROA
cross sections are computed for the experimentally fa-
vored backscattering arrangement, with unpolarized incident
light:99

dσ Raman
u (180◦) = K [10 Tr(αp)2 + 14 β(αp)2], (13)

�dσ ROA
u (180◦) = 4K

c
[12 β(G ′p)2 + 4 β(Ap)2], (14)

where K = (1/90)(μ0/(4π ))2(ω − ωp)3ω, μ0 stands for the
permeability of vacuum, c denotes the speed of light, and
ωp refers to the harmonic frequency associated with normal
mode Qp.

The rate-determining step of spectral cross section calcu-
lation, assuming the knowledge of the harmonic vibrational
modes, is the evaluation of geometrical derivatives, Eq. (12).
Property tensor derivatives of the type of Eq. (12) can be ex-
pressed as third derivatives of the energy.100 With appropriate
definition of intermediers, calculation time of the most expen-
sive terms scales with N2

πNmode, where Nπ is the number of
π -orbitals (equal to the number of atoms) and Nmode is the
number of vibrational degrees of freedom.

V. COMPUTATIONAL DETAILS AND DISCUSSION

Two chiral fullerene molecules are selected as test
cases: C76 and C28, both having an isomer of D2 sym-
metry. Being one of the most commonly studied chiral
fullerene,16, 22–27, 62, 101–103 D2-C76 is an excellent candidate for
comparison between theoretical and prospective experimen-
tal ROA spectra. (The other, much less abundant, achiral Td

isomer of C76
104 is not concerned in this study.)

The C28 molecule, assumed to be the smallest synthe-
sizable fullerene,105, 106 represents a challenge for π -electron
theories, due to its highly curved molecular surface.

As of yet, C28 has been characterized only in its chemi-
cally stabilized derivatives, e.g., Ti@C28.106, 107 As confirmed
by several theoretical studies,83, 105–112 the most stable iso-
mer of C28 has a quintuplet ground state and a geome-
try of Td symmetry, with four non-adjacent hexagons. The
ground state of the less stable isomer, D2-C28 (character-
ized by two edge-sharing hexagon pairs) has a singlet ground
state.83, 110, 112, 113 Adopting the systematic fullerene number-
ing scheme,114 spectra presented below belong to the fA-D2-
C76 and fC-D2-C28 configurations. (Symmetry, constitution,
and configuration are not labeled for these are unambiguous.)

In lack of experimental ROA data, high level computa-
tions (exploiting symmetry) serve as reference for evaluating
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(a) (b)

FIG. 1. Unpolarized backscattering Raman cross sections of C76 at 1064 nm. Spectra of panel (a) are normalized over the wavenumber interval [0, 800] cm−1,
panel (b) over [800, 1800] cm−1. Relative scaling factors (RSF) are computed with respect to the “CPHF, rDSP” curve. See text for further notations.

the performance of π -electron theories. In the case of C28

this benchmark is provided by polarizability tensor deriva-
tives computed by Hartree–Fock and by the B3LYP den-
sity functional, in aug(sp)-cc-pVDZ basis set.115 For C76,
HF and B3LYP references are found computationally at-
tainable adopting the somewhat smaller rDSP basis set of
Hug and Zuber.116 Both basis sets are well-suited for ROA
computations.65, 117, 127

Spectra reported below are computed using a common
set of normal coordinates and harmonic frequencies. Equi-
librium structures and vibrations of C76 are calculated at the
B3LYP/6-31G* level, while for C28 the B3LYP functional
with cc-pVTZ basis set is applied. In terms of vibrational
frequencies, satisfactory agreement is found with recently
reported experimental and theoretical data in case of both
C76

62, 103 and C28.83

Electronic levels by the here described π -models and
polarizability tensor derivatives are computed by a local
implementation. In order to monitor a gradual improve-
ment of theoretical approaches, tensor derivatives at the HF
level are calculated both with and without orbital relaxation
(OR). The OR effect is described by the coupled perturbed
(CP) HF method.118 The results denoted as “HF, noCP”
represent a step between all-πderivatives (where OR does
not show up) and linear response SCF, with OR included.
Neglect of OR in SCF response calculations is rare but
not unprecedented.119–121 Analytical third derivatives of the
energy100 are implemented for the first-neighbor TB model.
In all other cases polarizability tensors are computed as an-
alytical second derivatives, according to Eqs. (9)–(11). Dif-
ferentiation with respect to nuclear coordinates is computed
numerically, adopting a step size of 10−3 a.u. in the finite
difference formula.

In all depicted spectra Lorentzian line shapes are as-
sumed with 5 cm−1 line width. Area below a Lorentz-shape

peak matches the cross section of Eq. (13) or (14), calculated
for the given vibrational frequency. To make visual compari-
son easy, normalized spectra are plotted in Figs. 1–5. Adopt-
ing the notation f(ω) for a spectral curve, fn(ω) = N−1 f (ω)
are displayed, with

N 2 = 〈f |f 〉 =
b∫

a

f (ω)2 dω.

Values a = 200 cm−1 and b = 1800 cm−1 apply for the spec-
tra displayed in a single panel. This interval is often split
for a small and a large wavenumber range. Presentation of
the small/large wavenumber range in separate panels allows
to compare details that could remain imperceptible if plot-
ted in the entire wavenumber interval. Relative scaling factors
(RSFs)—i.e., N−1/N−1

ref —are shown in figure labels, refer-
enced by “×RSF.” As a numerical indicator of the similarity
of spectra, overlap measures are also reported, computed as

〈fn|gn〉 =
b∫

a

fn(ω) gn(ω) dω.

Neither fullerenes are transparent at the laser wavelength
of 532 nm, applied most commonly in ROA experiments. The
far-from-resonance approximation applied here necessitates
the choice of an incident light of less energy. To allow com-
parison with a Raman experiment on C76, these spectra are
computed at 1064 nm laser wavelength, in spite of the fact,
that both B3LYP and first-neighbor TB results are inappropri-
ate due to strong resonance. Data are reported at an incident
laser wavelength of 4256 nm also, to avoid the resonance re-
gion. Comparison of theoretical approaches is most relevant
at this frequency.
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FIG. 2. Unpolarized backscattering ROA cross sections of C76 at 4256 nm. Values of RSF are computed with respect to the “HF, noCP, STO-6G”’ curve. See
text for further notations.

A. Raman intensities of fullerenes

Raman spectra computed at 1064 nm for C76 are dis-
played in Fig. 1, split into two. A comparison between the ex-
perimental spectrum122 and the here computed CPHF/rDSP
reference spectrum reveals a good agreement. The correct
shape is well preserved through the introduction of system-
atic simplifications. The effect of the AO basis set size is

small (compare CPHF/rDSP and CPHF/STO-6G). The same
holds for the CP effect (compare CPHF/rDSP and “HF, noCP,
STO”) if inspecting Fig. 1. It is to be noted, however, that the
RSF of panel (b) is roughly 3 times less than that of the RSF of
panel (a) in the case of the “HF, noCP, STO” spectrum. This
means that the relative weight of the small/large wavenum-
ber range gets deteriorated when the CP effect is switched
off.

(a) (b)

FIG. 3. Unpolarized backscattering ROA cross sections of C76 at 4256 nm. Spectra of panel (a) are normalized over the wavenumber interval [0, 600] cm−1,
panel (b) over [600, 1800] cm−1. Values of RSF are computed with respect to the “CPKS/B3LYP/rDSP” curve. See text for further notations.
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(a) (b)

FIG. 4. Unpolarized backscattering ROA cross sections of C28 at 4256 nm. Spectra of panel (a) are normalized over the wavenumber interval [0, 490] cm−1,
panel (b) over [490, 1800] cm−1. Values of RSF are computed with respect to the “HF, noCP, STO-6G” curve. See text for further notations.

Let us compare now π -electron spectra with the starting
point of the derivation of all-π models: HF/STO-6G without
orbital relaxation. As Fig. 1 demonstrates, all-π models show
a great similarity with “HF, noCP, STO,” either when all
multipole moment integrals are taken into account (“all-π ,
STO”) or when the ZDO approximation is utilized (“all-π ,
ZDO”). The first-neighbor TB result is shown only for
completeness. (The HOMO-LUMO gap of the first-neighbor
TB model is 43.4 mEh, falling into the range of strong

resonance with the energy of the incident light, 42.8 mEh at
1064 nm.)

Overlap measures are reported in Table I at 1064 nm
as well as at 4256 nm, the latter being relevant for the first-
neighbor TB model too. Overlaps obtained for the all-π mod-
els are very close to 1.0 (above 0.95) reflecting the success
of the derivation of all-π models. The first-neighbor TB ap-
proximation falls just slightly behind, showing 0.90 overlap
at 4256 nm.

(a) (b)

FIG. 5. Unpolarized backscattering ROA cross sections of C28 at 4256 nm. Spectra of panel (a) are normalized over the wavenumber interval [0, 490] cm−1,
panel (b) over [490, 1800] cm−1. Values of RSF are computed with respect to the “CPKS/B3LYP/aug(sp)-cc-pVDZ” curve. See text for further notations.
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TABLE I. Overlaps 〈fn|gn〉 of unpolarized Raman and ROA backscattering
cross sections computed by various methods. Values in round brackets refer
to less relevant data due to resonance with the incident light. For notations
see text.

Spectroscopy: Raman, gn: HF, noCP, STO-6G
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm

All-π , STO-6G 0.954 0.996 0.993 0.993
All-π , ZDO 0.964 0.997 0.996 0.996
First-neighbor TB 0.899 (0.790) 0.956 (0.763)

Spectroscopy: ROA, gn: HF, noCP, velocity, STO-6G
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
HF, noCP, length, STO-6G 0.980 0.994 0.978 0.940
All-π , velocity, STO-6G 0.925 0.991 0.950 0.943
All-π , ZDO 0.900 0.973 0.874 0.803
First-neighbor TB 0.657 (−0.127) 0.008 (−0.081)

Raman spectra for C28 are not reported, as they lead
to conclusions in accordance with the case of C76. Overlap
values with the “HF, noCP, STO” Raman spectra for C28,
collected in Table I, support this statement. Similarity of π -
electron models to “HF, noCP, STO” is even better than for
C76: the overlaps of all-π spectra are greater than 0.99 for
both wavenumbers and the first-neighbor TB model results an
overlap above 0.95 at 4256 nm.

While comparison with “HF, noCP, STO” characterizes
the success of building an effective model, overlap com-
puted with the reference spectrum serves for judging how
good matching with experiments may be expected. The num-
bers reported in Table II are encouraging: overlaps with the
reference at 1064 nm remain above 0.87 for all-π models.

TABLE II. Overlaps 〈fn|gn〉 of unpolarized Raman and ROA backscattering
cross sections computed by various methods. Reference spectra gn are as
follow: CPKS/B3LYP/rDSP for C76 at 4256 nm, CPHF/rDSP for C76 at 1064
nm, CPKS/B3LYP/aug(sp)-cc-pVDZ for C28 at 4256 nm, CPHF/aug(sp)-cc-
pVDZ for C28 at 1064 nm. Reference ROA spectra, gn are computed with
London-orbitals. Values in round brackets refer to less relevant data due to
resonance with the incident light. For notations see text.

Spectroscopy: Raman
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
CPHF, STO-6G 0.976 0.995 0.957 0.926
HF, noCP, STO-6G 0.721 0.913 0.884 0.897
All-π , STO-6G 0.494 0.882 0.840 0.872
All-π , ZDO 0.522 0.883 0.845 0.878
First-neighbor TB 0.405 (0.802) 0.768 (0.832)

Spectroscopy: ROA
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
CPHF, London, STO-6G 0.862 0.991 0.714 0.792
HF, noCP, length, STO-6G 0.526 0.718 0.070 0.293
All-π , length, STO-6G 0.403 0.699 −4.0 × 10−5 0.252
All-π , ZDO 0.449 0.742 −3.9 × 10−5 0.324
First-neighbor TB 0.376 (−0.184) −0.249 (−0.506 )

Regarding Raman scattering, we can conclude that off-
resonance HF spectra (without OR) of various fullerenes are
very well reproduced by all-π models. As the basis set and CP
effect is relatively small, spectra computed at the π -electron
level compare well with the benchmark calculation as well as
with experiment. The first-neighbor TB model performs sim-
ilarly to all-π methods. In terms of overlap with the reference
spectrum, first-neighbor TB is systematically but just slightly
worse than all-π .

B. ROA intensities of fullerenes

Turning to ROA spectra, the case of C76 is plotted in
Figs. 2 and 3, again split into two. Fig. 2 serves to monitor
the performance of effective π -model construction. Though
ROA spectra are generally more difficult to reproduce than
Raman, Fig. 2 reveals that most of the information is again
well preserved during the gradual simplification from “HF,
noCP, STO” till “all-π , ZDO.” With STO-6G property in-
tegrals, the dipole velocity approach is adopted in Fig. 2,
for this compares naturally with the parametrization of the
ZDO integrals. Overlap of spectral curves with that of “HF,
noCP, velocity, STO-6G” are collected in the bottom part of
Table I. While the overlap of all-π models is again large –
above 0.90 – first-neighbor TB is considerably poorer, giving
0.66. Inspection of Fig. 2 also reveals that the first-neighbor
TB spectrum is less similar to “HF, noCP, velocity, STO-6G”
than those of all-π .

Another point to note is the large overestimation of
ROA cross sections by the first-neighbor TB model. This
leads to the RSF on the order of 2×10−3, indicated in
Fig. 2. The reason behind is the small HOMO-LUMO gap
of the first-neighbor TB eigenvalue spectrum compared to
HF (43.4 mEh vs. 231 mEh). To prove this, first-neighbor
TB virtual-occupied orbital energy differences have been blue
shifted by 188 mEh, resulting an RSF value of 0.17 – already
falling in the acceptable range – and an overlap with “HF,
noCP, velocity, STO-6G” increased to 0.76.

It is also interesting to observe the rough factor of 4
overestimation of spectral cross sections by the “all-π , ZDO”
approach, cf. RSF values in Fig. 2. The source of this effect is
not energy denominators but the application of ZDO property
integrals.

Basis set and CP effect on ROA spectra can be studied in
Fig. 3 for C76. Compared with Raman spectra, we see more
expressed changes in ROA. This is underlined by the overlap
values reported for dipole length formulations in the bottom
part of Table II. Overlap with the reference spectrum drops
to roughly a half by the combined effect of elimination of or-
bital relaxation and resorting to minimal basis set. Similarly to
Raman spectra, orbital relaxation is responsible for setting the
relative intensities of small/large wavenumber ranges right, as
reflected by the RSF values in Fig. 3.

The starting point of effective all-π model construction,
“HF, noCP, STO” already compares poorly with the refer-
ence spectrum. For this reason neither of all-π models re-
semble much to the reference spectrum, as indicated by the
overlap values in the bottom panel of Table II. Though the
first-neighbor TB model is even worse in this respect, a
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TABLE III. Absolute maxima of unpolarized Raman and ROA backscattering cross sections at 1064 nm, rel-
ative to the values of methyloxirane. Notation “method1/basis1//method2/basis2” refers to the computational
level of structure optimization and normal modes analysis (method1/basis1) and Raman and ROA tensors
(method2/basis2).

Molecule Method Raman ROA

C28 B3LYP/cc-pVTZ//HF/aug(sp)-cc-pDVZ 98 5700
C76 B3LYP/6-31G*//B3LYP/3-21+G 38 1200

Hexahelicene (C26H16) B3LYP/cc-pVDZ//B3LYP/aug(sp)-cc-pVDZ 32 370
4,5-dimethyl-phenanthrene (C16H14) B3LYP/cc-pVTZ//B3LYP/aug-cc-pVDZ 7.9 57

α-pinene (C10H16) B3LYP/aug-cc-pVDZ//B3LYP/aug-cc-pVDZ 1.6 2.3
Methyloxirane (C3H4O) B3LYP/aug-cc-pVDZ//B3LYP/aug-cc-pVDZ 1.0 1.0

better parametrized semi-empirical π -model may be capable
to improve upon it. Spectral overlaps computed for the high
wavenumber range ([800,1800] cm−1) give a promising in-
dication in this line: overlap of first-neighbor TB amounts
only to 0.758 with “all-π , STO,” while it is much larger
with ab initio spectra, 0.959 and 0.900 with CPHF/STO-6G
and CPHF/rDSP, respectively. The same can be deduced by
inspecting Figs. 2 and 3.

As for gauge-invariance, dipole length and velocity
formulations give almost identical results, cf. overlap values
in Table I.

Apart from the first-neighbor TB model – suffering from
resonance – results obtained at 1064 nm lead to conclusions
parallel with those drawn at 4256 nm. To support this state-
ment, merely overlap values are included here at 1064 nm
wavelength.

The case of C28 is markedly different from C76 if
regarding the ROA spectrum. While the Raman spectrum is
well captured by the first-neighbor TB model (cf. the overlaps
0.956 with “HF/STO-6G,” 0.871 with “CPHF/STO-6G,” and
0.768 with “B3LYP/aug(sp)-cc-pVDZ” at 4256 nm), ROA
cross sections show hardly any similarity either to “HF, noCP,
STO, veloc” (cf. Fig. 4) or to the reference in Fig. 5. This
is a manifest curvature effect, reflected by the fact that all-
π models – which include beyond first-neighbor interaction
– are capable to reproduce “HF, noCP, STO-6G” spectra, cf.
the overlap values in Table I. The need to introduce second
and third neighbor interactions in π -electron models to de-
scribe carbon clusters with highly curved surface has been
noted earlier also.67 In fact, a remarkable success of the ef-
fective π -model construction is reflected both by Fig. 4 and
Table I for C28.

Looking at Fig. 5, the basis set and CP effect is found to
be the biggest for C28, in agreement with the Raman studies
on C28 by Witek et al.83 While “CPHF/STO-6G” still shows
similarity with the reference spectrum in the majority of the
characteristic peak structure, switching the CP effect off di-
minishes the overlap to roughly 0.3. In accordance with this,
there is hardly any relation between the “HF, noCP STO”
curve and the reference in Fig. 5, except for the 680–900 cm−1

range. The largest difference appears in the most dominant
(small wavenumber range) of the spectrum, giving the reason
for the exceedingly poor ROA overlaps reported in Table II
for C28.

Summarizing our ROA studies with π -electron meth-
ods, the all-π model is again found successful in reproduc-
ing pre-resonance HF spectra. In contrary to Raman, accu-
racy of ROA intensities by the first-neighbor TB model falls
significantly behind all-π . While the all-π approach proves
equally suitable to compute ROA cross-sections of carbon
clusters with either low or high curvature, the first-neighbor
approximation is applicable only in the former case. Neither
basis set extension nor OR is taken into account in the present
π -electron models. Both effects are expected to be more pro-
nounced in ROA than in Raman, making it desirable to extend
the π -electron models in this direction.

C. Fullerene optical activity (OA) compared
to common chiral systems

Finally, we aim to estimate whether OA in the Raman
scattered light of the above fullerenes is in effect measurable.
For this end, comparative calculations have been carried out at
the linear-response SCF level, on inherently chiral molecules
and two common chiral organic compounds, with a center
of asymmetry. We merely wish to assess the relative order
of magnitude of spectral intensities. For this reason the ef-
fect of basis set, or the application of theories beyond SCF is
not investigated, as they are expected to account to less than
50%.50, 65

Maxima of Raman and ROA cross sections collected
in Table III are promising. Comparing hexahelicene or
4,5-dimethyl-phenanthrene with methyloxirane or α-pinene,
maximal cross-sections increase by at least an order of mag-
nitude. The investigated fullerenes, C28 and C76, exhibit an
even more intensive VOA: there is another order of magni-
tude increase with respect to hexahelicene. This phenomenon
is not present in the ECD spectra, the ECD band maximum of
C76 is ∼320 M−1 cm−1,23 while that of hexahelicene is
∼250 M−1 cm−1.123 It is a task of further studies to de-
cide whether the increased intensity of the ROA signal of
C76, compared with inherently chiral structures, may be at-
tributed to the small HOMO-LUMO gap or its doubly helical
structure.16, 101

VI. CONCLUSION AND OUTLOOK

A simple, effective π -electron model has been devel-
oped to reproduce ab initio quality Raman and ROA spectral
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cross-sections. Compared to all-electron models, such as HF
or DFT a significant reduction has been achieved in computa-
tional time with only a minor loss in accuracy.

Being derived from the molecular Fockian, the present
model is applicable to π -electron systems, built of atoms of
any kind. Although systems containing exclusively carbon
atoms are tested in the present study, the all-π model is ex-
pected to remain valid when heteroatoms also contribute to
the π -system, since the derivation of the model is not specific
to carbon. The validity of all-π spectra essentially relies on
the fact that polarizabilities can be described well if account-
ing for π -electrons only. Curvature effects and long-range
interaction between sites are taken into account.

The novel π -electron model reproduces HF minimal
basis set spectral intensities remarkably well. Depending on
the quality of the HF minimal basis set spectrum, this prop-
erty may be either beneficial or disadvantageous. The present
π -model is expected to be insufficient when basis set exten-
sion and/or orbital relaxation has a strong influence on spec-
tral line intensities. This is known to be the case with several
carbon clusters.121

In cases where minimal basis HF spectra are considered
defective, an empirical model – tight-binding, all-π or SCF-
type – parametrized to the experiment may have the possibil-
ity to capture both basis set and orbital relaxation effects. This
in an encouraging way of development, regarding the fact that
Raman and ROA spectra are recovered up to 70%–90% by the
present tight-binding model, using only three external param-
eters (h0, ζ in Eq. (2) and the 2p Slater-exponent). Approaches
of the TD-DFTB family81 are also expected to perform well
for carbon clusters, though TD-DFTB ROA spectra have not
been reported yet.

The success of the π -electron model in describing VROA
spectra may render chiroptical spectroscopy of huge clusters,
like nanotubes attainable by theoretical investigations in the
future. In order to achieve comparability with prospective ex-
periments, developments are needed to deal with resonance
conditions.66
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107B. Skwara, R. W. Góra, R. Zaleśny, P. Lipkowski, W. Bartkowiak, H. Reis,
M. G. Papadopoulos, J. M. Luis, and B. Kirtman, J. Phys. Chem. A 115,
10370 (2011).

108X. Lu and Z. Chen, Chem. Rev. 105, 3643 (2005).
109Y. N. Makurin, A. A. Sofronov, A. I. Gusev, and A. L. Ivanovsky, Chem.

Phys. 270, 293 (2001).
110B. Paulus, Phys. Chem. Chem. Phys. 5, 3364 (2003).
111N. Breda, R. A. Broglia, G. Colo, G. Onida, D. Provasi, and E. Vigezzi,

Phys. Rev. B 62, 130 (2000).
112S. Portmann, J. M. Galbraith, H. F. Schaefer, G. E. Scuseria, and H. P.

Luthi, Chem. Phys. Lett. 301, 98 (1999).
113E. Malolepsza, H. A. Witek, and S. Irle, J. Phys. Chem. A 111, 6649

(2007).
114C. Thilgen and F. Diederich, Chem. Rev. 106, 5049 (2006).
115R. A. Kendall, T. H. Dunning, and R. J. Harrison, J. Chem. Phys. 96, 6796

(1992).
116G. Zuber and W. Hug, J. Phys. Chem. A 108, 2108 (2004).
117M. Reiher, V. Liégeois, and K. Ruud, J. Phys. Chem. A 109, 7567 (2005).
118R. McWeeny, Methods of Molecular Quantum Mechanics (Academic,

London, 1989).
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