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Abstract

Quantum chemical bases are mostly linearly independent, whether orthonormal or

not. However, in certain applications, using an overcomplete set of functions, not form-

ing a basis in the strict sense offers distinct advantages. Localized molecular orbitals

(LMO) projected from atomic orbitals (PAO) are a primary example.

Use of redundant LMOs is facilitated by the mathematical theory of frames. Along

with a systematic presentation of the necessary background, it is shown that the trace

of one-electron operators can be obtained by a formula analogous to the orthonormal

case. For instance, the electronic dipole moment can be expressed as a sum of frame

LMO centroids multiplied by their fractional populations as weights.
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An advantage of frame LMOs is demonstrated when following reaction coordinates.

When a system passes through a high-symmetry point between lower-symmetry ar-

rangements, orthogonal LMOs often exhibit abrupt changes. This occurs when a spe-

cific set of localized orbitals does not represent the molecular point group of the high-

symmetry structure, resulting in equivalent sets of orthogonal LMOs that may induce

discontinuities in LMO based quantities. It is shown that PAO related frame LMOs

transition smoothly in these scenarios, without any extra algorithmic effort.

1 Introduction

Apart from fully numerical approximation schemes, most quantum chemical (QC) ap-

proaches are based on a set of one-electron functions. Considering a set of N vectors

{φµ}Nµ=1 expanded on an auxiliary orthonormal basis {ei}Ni=1 as

|φµ⟩ =
N∑
i=1

|ei⟩xiµ , (1)

expansion coefficients xiµ can be collected into the nonhermitian square matrix X,

possessing the singular value decomposition (SVD)

X = UΣV† , (2)

where Σ is a diagonal matrix and matrices U and V are unitary. When vectors {φµ}Nµ=1

are linearly independent, σµ entries in the diagonal of Σ are nonzero, and the set

{φµ}Nµ=1 is considered a basis.

The overlap matrix of {φµ} defined as

Sµν = ⟨φµ|φν⟩
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can be expressed as S = X†X, admitting the eigenvalue decomposition

S = VΣ2V† . (3)

Diagonal entries σ2µ of Σ2 are also nonzero when {φµ}Nµ=1 represents a basis.

Nonorthogonal bases, characterized by nonunitary X and nonunit S, are routinely

handled in QC practice, either by explicit treatment of the overlap or by applying or-

thonormalizaton. Of the several possibilities for the latter,1–5 we here consider Löwdin’s

symmetrical scheme6

|φL
µ⟩ =

N∑
ν=1

|φν⟩S−1/2
νµ (4)

(with a shorthand for the elements of matrix power S−1/2), yielding ⟨φL
µ |φL

ν ⟩ = δµν .

A central role of a spanning set in a vector space is the expansion of other vec-

tors. This is most compactly achieved by formulating the identity operator of the

N -dimensional space

ÎN =
N∑
i=1

|ei⟩⟨ei| (5)

with the vectors in question. Relying on the set {φµ}Nµ=1, the identity can be composed

as

ÎN =

N∑
µν=1

|φµ⟩S−1
µν ⟨φν | , (6)

where {φL
µ}Nµ=1 can be introduced as

ÎN =
N∑

µ=1

|φL
µ⟩⟨φL

µ | . (7)

Applying e.g. (5), ÎN |φµ⟩ obviously yields xiµ = ⟨ei|φµ⟩ for the coefficients in (1).

In this work a generalization of the above issues for the case of linear dependence,

i.e. one or more eigenvalues of S becoming zero, is explored. This situation is often

accompanied by numerical instabilities, requiring algorithmic adjustments to address

the pathological behavior.7–10 Beyond the field of QC, the use of overcomplete sets is
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however common. Pioneered in signal processing, the application of overcomplete sets of

functions has spread in diverse disciplines, including mathematics, physics, engineering,

and computer science. Elaboration of the strict mathematical background, termed the

theory of frames, surged in the 1980s.11 Literature on the subject has grown extensive

to date, we point to Refs.12–14 as instructive readings.

While the benefit of nonorthogonal bases has been stressed often,15–20the application

of redundant sets is less common in QC. Bringing robustness or mitigating data loss

are obvious advantages of frames in signal analysis, parallel fruitful applications are

however not immediate in our field. A couple of works employing frames in electron

correlation theories make use of overcompleteness in preserving symmetry, boosting

computational efficiency or retaining unitary invariance via avoiding any filtering of

functions.21–25

This paper focuses on a further practical use of overcompleteness, in connection with

localized molecular orbitals (LMO). Centers of occupied LMOs are widely applied for

introducing a coarse-grained representation of the electron density, e.g. calculating and

analyzing dipole moments,26 polarizabilities,27 and the corresponding spectral proper-

ties via their time-autocorrelation functions. Furthermore, they have been utilized in

the analysis of chemical bonding, estimating oxidation states,28 and deriving disper-

sion29 or electrostatic models for classical force fields,30 machine learning force fields,31

or embeddings.32 In these applications it is instrumental that orbital centers change

continuously along a reaction trajectory. Smooth dependence of localized orbitals on

nuclear coordinates is not the least important in the virtual subspace, with the added

difficulty of converging standard procedures optimizing a localization function.33

We consider occupied LMOs here due to their role as proxies for simplified reduced

models. When propagating a system in time, occupied orthogonal LMOs are prone to

exhibit unphysical jumps if the system is subject to oscillations or perturbations around

a structure with multiple localization minima. This leads to jumps in calculated proper-

ties, such as the interaction energies predicted by machine learning force fields utilizing

LMO centers. Discontinuity of LMO trajectories has raised concerns before and got
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mitigated by geometric symmetrization,30 by introducing an extra condition of orbital

similarity,34,35 by modifying the localization constraint in derivative calculation36 or

by abandoning the concept of localized orbitals.37 The former treatments may be beset

by arbitrary parametrization or additional rotations, while the latter relies on density

discretizations. We here demonstrate that relaxing the requirement of linear indepen-

dence facilitates a smooth transition of the LMOs and LMO centers. Turning to an

overcomplete set of LMOs, symmetry related equivalence requires no special attention,

relieving the need for any additional formal or algorithmic considerations.

In this work we rely on projected atomic orbitals (PAO), advocated first by Pulay

for constructing virtual LMOs.38,39 The advantage of projected AOs is the iteration

free algorithm producing LMOs. This feature is shared by just a handful of alternative

methods, e.g.40–42 As emphasized in a recent paper,42 it is not only the columns of

matrix PS that allow to formulate LMOs, but also those of the density matrix P. In

current computational chemistry, PAOs have become an inherent component of local

correlation methods, designed for linear scaling.43–50 Use of PAOs in the occupied space

has been also documented51–54 though less common. The number of native PAOs

agreeing with the dimension of the AO basis, application of PAOs mostly involves

redundancy filtering.

The possibility of using an overcomplete set of functions in Hartree-Fock and many-

body theories, has been considered already in the 1990’s.55 First implementations are

due to Olsen and coworkers who formulated AO based Coupled-cluster22 and Møller-

Plesset23 techniques by working with the full set of PAOs both in the occupied and the

virtual space. Use of frame theory is implicit in these studies, without reference to the

terminology of the field. The present work parallels those of Olsen and coworkers in

intentionally keeping all PAOs generated. Our aim of working with PAOs is however

not computational efficiency but mitigation of a conceptual shortcoming of orthogonal

LMOs.

Below, essential notions of frame theory are introduced in Section 2. Following this

general, math style presentation, Section 3 discusses various possibilities for redundant
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localized molecular orbitals, still from a formal point of view. A practical advantage of

overcomplete LMO sets is presented in Section 4.

2 General theory

The material presented below is an excerpt of frame theory. We aim for a concise and

precise presentation, focusing on our application. More stress is put on practice and

less on mathematical rigor. For strict mathematical formulation we refer to Refs.12–14

2.1 Frames

Allowing set {φµ}Mµ=1 to be linearly dependent, we consider M > N , with N standing

for the dimension of the space. Let us define the so-called frame-operator of this

set as

F̂ =
M∑
µ=1

|φµ⟩⟨φµ| . (8)

Operator F̂ is obviously hermitian, and non-idempotent for overlap effects.

In order for the redundant set {φi}Mi=1 be a frame, the associated frame-operator

F̂ has to satisfy12 the so-called frame condition

A ÎN ≤ F̂ ≤ B ÎN , (9)

with A ≤ B being finite, positive numbers.

Matrix X, introduced in (1) and (2), is now an N ×M rectangular, possessing the

singular-value decomposition

X = U

Å
Σ 0

ã
V† , (10)

with U and V being of different dimensions: U is N ×N and V is M ×M . Matrix Σ is

diagonal N ×N , with positive diagonal entries ordered as 0 < σN ≤ . . . σ2 ≤ σ1 <∞.

Matrix representation of the frame operator (8) on {ei}Ni=1 takes the form F = XX†.
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The SVD of (10) allows to write

F = UΣ2U† , (11)

showing that the bounds in (9) are given by A = σ2N and B = σ21.

Linear dependence manifests in the eigenvalue decomposition of the overlap reading

as

S = X†X = V

Ö
Σ2 0

0 0

è
V† . (12)

The M ×M matrix S is obviously singular, its rank being only N .

Singular nature of the overlap prohibits the usual construction of the Löwdin-

orthogonalized (4) set which requires to construct a negative power of S. Eliminating

redundancy of {φµ} is possible e.g. by Gram-Schmidt orthogonalization, Cholesky-

decomposition2,3 or Löwdin’s canonical orthogonalization.7 We here pursue the alter-

native strategy of keeping the linearly dependent set and aiming for well defined expan-

sion of vectors in terms of the M -dimensional set of {φµ} or a linear transformation of

it.

2.1.1 Löwdin-set via the frame-operator

Contrary to the singular overlap matrix, the frame operator F̂ is invertible in the

redundant case also. This is apparent from its matrix representation (11), showing

positive definite property. It therefore serves to construct the Löwdin-set as

|φL
µ⟩ = F̂−1/2|φµ⟩ , (13)

in analogy with (4). Overlined L in superscript reminds that vectors of (13) are not

orthonormal, vide infra. Expansion of any vector in terms of {φL
µ}, µ = 1, . . . ,M is
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facilitated by writing the N -dimensional identity as

M∑
µ=1

|φL
µ⟩⟨φL

µ | = F̂−1/2F̂ F̂−1/2 = ÎN . (14)

Expression (14) is the analogue of (7). According to the terminology of frame theory, a

frame with a frame-operator reproducing the identity is called a Parseval-frame.

This work pays special attention to Parseval-frames for their following property.

Parseval-frames facilitate expansion of an arbitrary vector ψ as

|ψ⟩ ≡ ÎN |ψ⟩ =

M∑
µ=1

|φL
µ⟩⟨φL

µ |ψ⟩ =

M∑
µ=1

|φL
µ⟩ yLi , (15)

in close analogy with the expansion in an orthonormal basis, in spite of the fact the

φL
µ are nonorthogonal. Note however, that expansion coefficients yLi = ⟨φL

µ |ψ⟩ are not

uniquely associated with ψ and {φL
µ}, as a consequence of linear dependence. See

Appendix A.1 for more detail on this aspect.

Equation (13) gives a recipe for generating a Parseval-frame from an arbitrary frame,

we are therefore concerned with this transformation in the following. In QC practice

the Löwdin-vectors of (13) are obtained with the help of the overlap matrix, whenever

S is invertible. For singular S a generalized overlap inverse is considered, as described

in the following.

2.1.2 Löwdin-set via the pseudo overlap-inverse

Let us first take the Moore-Penrose (MP) pseudo inverse 56 of the N ×M matrix X

of (10), defined in SVD form as

X = V

Ö
Σ−1

0

è
U† . (16)
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While XX ̸= I for the MP pseudo inverse, the following four fundamental properties

XXX = X (17a)

XXX = X (17b)

XX = X
†
X† (17c)

XX = X†X
† (17d)

are straightforward to verify, based on (10) and (16). The MP inverse of the overlap,

S is obtained next in the form

S = XX
†
= V

Ö
Σ−2 0

0 0

è
V† (18)

fulfilling relations (17), with obvious substitutions of S and S.

With expression (18) of the generalized overlap-inverse it is easy to prove that {φL
µ}

of (13) arise as

|φL
µ⟩ =

M∑
ν=1

|φν⟩S
1/2
νµ . (19)

The important difference between {φL
µ} of the linearly independent and {φL

µ} of the

overcomplete case is to be emphasized here. While (4) gives an orthonormal set, the

overlap of vectors in (19) is non-unit. The overlap matrix of {φL
µ} is an M -dimensional

representation of the N -dimensional unit, according to

⟨φL
µ |φL

ν ⟩ =

Ö
V

Ö
IN 0

0 0

è
V†

è
µν

(20a)

=

N∑
λ=1

VµλV
∗
νλ ̸= δµν . (20b)

In the orthonormal case, unitary nature of V allows to write δµν on the rhs of the

above, since M = N holds then (note that V is M ×M unitary).
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2.1.3 Löwdin-sets via the reflexive overlap-inverse

If substituting the zero block in the middle factor in (16) by an arbitrary (M −N)×N

matrix Ξ, according to

X = V

Ö
Σ−1

Ξ

è
U† , (21)

the arising X is a weaker inverse than the MP pseudo inverse, fulfilling criteria (17a)-

(17c) listed in Section 2.1.2, but failing in (17d).

In parallel with (18) a generalized inverse can be composed for S as

S = XX
†
= V

Ö
Σ−2 Σ−1Ξ†

ΞΣ−1 ΞΞ†

è
V† . (22)

It is easy to check that the S and S pair fulfills criteria (17a)-(17b), but violates

(17c)-(17d) for a general Ξ. This is an even weaker generalized inverse, for which the

reflexive inverse terminology56 is adopted here.

Let us examine the Löwdin-set obtained via the reflexive overlap-inverse (22) as

|φL
µ⟩ =

M∑
ν=1

|φν⟩S
1/2

νµ . (23)

The frame-operator of {φL
µ} in (23) reads

M∑
µ=1

|φL
µ⟩⟨φL

µ | = ÎN . (24)

To see that the operator in (24) is indeed unit, we can rely on XSX† = IN , an obvious

consequence of (10) and (22). The set {φL
µ} of (23) therefore represents a Parseval-

frame. Flexibility in the reflexive inverse S, originating in the arbitrariness of Ξ, leads to

distinct, different Parseval-frames, obtained via (23). In spite of being nonorthonormal,

each of these sets facilitate an expansion of the unit in the form of (24). The Löwdin-set

obtained with the MP pseudo inverse corresponds to Ξ = 0. The MP inverse is the
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only set related to the original frame by the inverse square root of the frame-operator

according to (13). This set also fulfills a parallel of Löwdin’s resemblance theorem,57–59

in that the Parseval-frame closest to the original frame in sum of difference squared

norm sense is the Löwdin-frame as generated by the MP pseudo inverse.60

2.2 Trace formulae with frames

We now examine the trace of a Hermitian operator T̂ in the N -dimensional space

expressed with the orthonormal basis as

Tr T̂ =

N∑
i=1

⟨ei|T̂ |ei⟩ . (25)

Let us insert the unit in the form

ÎN =

M∑
µν=1

|φµ⟩Sµν⟨φν | (26)

before and after T̂ in (25) to get

Tr T̂ =
M∑

µνλσ=1

Sµν⟨φν |T̂ |φλ⟩Sλσ

N∑
i=1

⟨φσ|ei⟩⟨ei|φµ⟩︸ ︷︷ ︸
Sσµ

(27)

Using SSS = S, c.f. (17a) the above simplifies to

Tr T̂ =

M∑
νλ=1

⟨φν |T̂ |φλ⟩Sλν .

Factorizing S as S
1/2

S
1/2 we can write the above with the Löwdin-vectors as

Tr T̂ =

M∑
µ=1

⟨φL
µ |T̂ |φL

µ⟩ . (28)

Formula (28) is valid for the vectors obtained with the MP pseudo inverse S as well as

those generated by the weaker, reflexive inverse S. Equivalence of (25) and (28) is an
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important result of frame theory, often exploited in the forthcoming Sections.

The above derivation highlights key elements of the theory to be used later: expres-

sion (26) of the unit allowing to introduce φL
µ , as well as properties (17a)-(17b) of the

generalized overlap-inverse. With this background we now proceed to examine some

particular sets of LMOs.

3 Localized molecular orbitals as frames

Localized molecular orbitals in the occupied space represent a solution of the generalized

self-consistent field (SCF) equations. Even if expanded on the basis of M atomic

orbitals (AO), they span a subspace of the dimension of the occupied space, denoted as

No, with No ≤M generally. Localization algorithms, e.g. Foster-Boys,61 Edminston-

Ruedenberg62,63 or Pipek-Mezey (PM)64 often supply exactly No localized orbitals,

by seeking unitary transformations within the occupied space. There exist schemes

providing more orbitals than the dimension of the space, e.g. projected AOs advocated

by Pulay as localized virtuals.38 The recently surveyed LMOs defined by the columns of

the density matrix (P-LMOS) or its square root,42 also belong to this category. Below

we examine some M -dimensional Parseval-frames derived from PAOs. Occupied LMOs

are considered in the discussion, but the statements apply to the set of virtual LMOs

as well, mutatis mutandis.

We consider {χµ} as AOs and {ψi} the No-dimensional set of orthonormal canonical

MOs, expanded on AOs as

|ψi⟩ =

M∑
µ=1

|χµ⟩Cµi . (29)

Equation

C†SC = INo (30)

is a consequence of the orthonormal property of {ψi}, with S denoting the AO overlap
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matrix. We are working in the No-dimensional space, with the identity reading as

ÎNo =

No∑
i=1

|ψi⟩⟨ψi| =

M∑
µν=1

|χµ⟩Pµν⟨χν | , (31)

and

Pµν =

No∑
i=1

CµiC
∗
νi

standing for the elements of the SCF density matrix, P. Matrix C collecting Cµi is

considered to be of dimension M ×No, i.e. columns belonging to virtual canonical MOs

are omitted. This allows to write

P = CC† . (32)

In the following we examine some LMO sets from the frame point of view. We focus

on the concepts necessary for our applications and defer to Appendices some essential

notions, with less practical relevance. In particular, it is in Appendix A.2 that we give

quantities X,F and X introduced in Section 2 for the LMOs considered below.

3.1 Projected AOs: PS-LMOs

Traditional projected AOs emerge by letting identity (31) of the occupied space act on

AOs, yielding

|ϕPS
µ ⟩ =

M∑
νλ=1

|χν⟩Pνλ⟨χλ|χµ⟩ =
M∑
ν=1

|χν⟩(PS)νµ , (33)

justifying the PS-LMO nomenclature. The set of {ϕPS
µ } represents a frame, as shown

in Appendix A.2.

Elements of the overlap of PS-LMOs are obtained by

⟨ϕPS
µ |ϕPS

ν ⟩ =
∑
λσ

(SP)µλ⟨χλ|χσ⟩(PS)σν = (SPSPS)µν = (SPS)µν
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where

PSP = P (34)

has been used as a consequence of (30) and (32), reflecting the idempotency of matrix

PS.

In the spirit of Section 2.1.2, we could proceed by taking the generalized MP inverse

of SPS. A reflexive inverse is however sufficient for our purpose and in the case of

SPS, a suitable choice is provided by matrix P. By ample use of (34), we find that

P SPS P = P (35a)

SPS P SPS = SPS (35b)

both hold, allowing to sidestep numerical pseudo inversion. Reflexive inverse relations

(35) represent the basis of the biorthogonal approach worked out in Ref.23 With the

notation of Section 2.1.3, we can summarize (35) as

SPS = P .

Presently we profit of this relation for writing the unit of the occupied subspace as

ÎNo =
M∑

µν=1

|ϕPS
µ ⟩Pµν⟨ϕPS

ν | . (36)

The double sum on the rhs of (36) can be reduced to a single sum by introducing

the Löwdin-set of {ϕPS
µ }, written as

|ϕPS-L
µ ⟩ =

M∑
ν=1

|χPS
ν ⟩P 1/2

νµ =
M∑
ν=1

|χν⟩(PSP1/2)νµ , (37)

where the square root of the reflexive overlap inverse and (33) have been used. This

leads to

ÎNo =

M∑
µ=1

|ϕPS-L
µ ⟩⟨ϕPS-L

µ | , (38)
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which is a frame-operator of the Parseval-frame {ϕPS-L
µ }. Since P is positive semidefi-

nite, its square root, needed for the Löwdin-set in (37), surely exists. In fact, with the

SVD of C at hand, P1/2 can be readily constructed based on P = CC†. This point is

elaborated further in Appendix A.3.

3.2 P-LMOs

Let us examine P-LMOs defined as

|ϕPµ ⟩ =
M∑
ν=1

|χν⟩Pνµ . (39)

As seen in Appendix A.2, X matrices of {ϕPµ } and {ϕPS
µ } fulfill the generalized

inverse relation between (10) and (21). It immediately follows that the overlap matrix

of {ϕPµ } is given by P, as a reflexive inverse of the overlap of {ϕPS
µ }. Alternatively, by

substitution of (39) and using (34) we see that

⟨ϕPµ |ϕPν ⟩ =
∑
λσ

Pµλ⟨χλ|χσ⟩Pσν = (PSP)µν = Pµν .

With the help of P = SPS, the unit of the occupied space is expressed with {ϕPµ }

as

ÎNo =

M∑
µν=1

|ϕPµ ⟩(SPS)µν⟨ϕPν | . (40)

We now proceed by transforming {ϕPµ } to obtain a Löwdin-set in the form

|ϕP -L
µ ⟩ =

M∑
ν=1

|ϕPν ⟩ (SPS)1/2νµ , (41)

facilitating expression

ÎNo =

M∑
µ=1

|ϕP -L
µ ⟩⟨ϕP -L

µ | (42)

of the unit of the occupied subspace. Square root of SPS is expected to exist based on

the positive semidefinite property of this matrix.
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Obviously, {ϕP -L
µ } and {ϕPS-L

µ } are two different Parseval-frames spanning the oc-

cupied subspace. We shall be investigating these two frames in our applications. It is

instructive to compare the two frames by relating expressions (38) and (42) to the rhs

of (31) leading to

M∑
µ=1

|ϕPS-L
µ ⟩⟨ϕPS-L

µ | =
M∑

µνλ=1

|χµ⟩(PSP1/2)µν(P
1/2SP)νλ⟨χλ| (43)

and
M∑
µ=1

|ϕP -L
µ ⟩⟨ϕP -L

µ | =
M∑

µνλ=1

|χµ⟩(P(SPS)1/2)µν((SPS)1/2P)νλ⟨χλ| , (44)

respectively. We see that the difference between (43) and (44) is essentially the way

the middle factor P in (31) is augmented using (34) and decomposed in a symmetric

manner.

3.3 Further symmetric decompositions of P

A simple symmetric decomposition of the middle factor in (31) is given by P = P1/2P1/2

giving rise to

|ϕP 1/2

µ ⟩ =
M∑
ν=1

|χν⟩P 1/2
νµ (45)

and allowing to write

ÎNo =

M∑
µν=1

|ϕP 1/2

µ ⟩⟨ϕP 1/2

ν | ,

indicating that the P1/2-LMOs defined in (45) also represent a Parseval-frame of the

occupied subspace.

Though not immediately obvious, the set of (45) is not new, P1/2-LMOs in fact

agree with PS-L LMOs. To show that, we observe

PSP1/2 = P1/2 . (46)

One argument for the above is that the effect of PS is unit when it transforms in the
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occupied subspace, which is ensured by the razor property42 of P1/2, meaning that

transformation by P1/2 eliminates virtual components. A rigorous proof, based on the

SVD of C is given in Appendix A.3. Using (46) on the rhs of (37) we get

|ϕPS-L
µ ⟩ =

M∑
ν=1

|χν⟩(PSP1/2)νµ =
M∑
ν=1

|χν⟩P 1/2
νµ = |ϕP 1/2

µ ⟩ . (47)

An alternative, symmetric treatment of P in (31) is offered by the Cholesky-

decomposition P = LL†, generating a Cholesky-frame with vectors

|ϕCh
µ ⟩ =

M∑
ν=1

|χν⟩Lνµ . (48)

The M -dimensional Cholesky-frame is however never considered in practice, since zero

norm ϕCh
µ occur for µ > N by construction,3 and they are not even computed. For this

reason, Cholesky-decomposition of the density matrix is better regarded a redundancy

filtering technique than a genuine frame approach.

3.4 Trace formulae with frame LMOs

Dimension of the occupied space, i.e. rank of operator ÎNo is the simplest trace formula,

written with the orthonormal canonical orbitals as

No∑
i=1

⟨ψi|ψi⟩ = No .

According to Section 2.2 the above can be rewritten as a trace of the overlap of Parseval-

frame LMOs. Taking e.g. Löwdin-transformed PS and P-LMOs, introduced in (37) and

(41), respectively, we have

M∑
µ=1

⟨ϕPS-L
µ |ϕPS-L

µ ⟩ =
M∑
µ=1

⟨ϕP -L
µ |ϕP -L

µ ⟩ = No .

A remarkable feature of the above expressions is that No is obtained as a sum of M

non-negative numbers. Noting that No ≤M , it suggests to interpret the squared norm
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of Parseval-frame LMOs

nPS-L
µ = ⟨ϕPS-L

µ |ϕPS-L
µ ⟩ , µ = 1, . . . ,M

nP -L
µ = ⟨ϕP -L

µ |ϕP -L
µ ⟩ , µ = 1, . . . ,M

(49)

as partial occupation numbers. This is an obvious generalization from the canonical,

diagonal case for the nondiagonal overlap matrix of Parseval-frame LMOs.

A visualization of frame LMOs is given in Fig. 1, taking the π-MO space of the

allyl anion as a minimalist example. A two-dimensional, orthonormal basis spanning

the occupied π-electron space is provided by the highest energy, occupied canonical

MOs (CMO) or e.g. Boys LMOs. In both cases the 4 electrons are distributed equally

among the two MOs, as indicated by MO populations n in Fig. 1. In case of the

Löwdin-set of P- and PS-LMOs, the occupied π-MO space is spanned by three frame

LMOs, derived from the projection of the pz AOs of the three carbon atoms. Frame

LMOs can be related to an orthonormal basis according to the general formula of (1).

Taking e.g. the CMO basis, expansion of P-L and PS-L LMOs is obtained as

|ϕµ⟩ =
∑
i

|ψi⟩Xiµ (50)

with the interrelation matrix reading as

X ≈

Ö
0.7 0.5 0.5

0.0 0.7 −0.7

è
. (51)

Expansion coefficients of P-L and PS-L LMOs agree for the digits shown in (51), their

difference amounts to ±1 in the second decimal. As (51) and Fig. 1 reflect, one

frame LMO, ϕ1 is simply a downscaled version of the bonding π-CMO, ψ1. The other

two are linear combinations of the bonding and anti-bonding π-CMOs, showing great

resemblance to Boys LMOs. Similarly to ϕ1, ϕ2 and ϕ3 are not normalized either,

as obvious from (51). Their partial occupation number, as obtained from (49) by

multiplication by 2 for spin-summation, are approximately 1 for ϕ1 and and 1.5 for ϕ2

18



and ϕ3, giving a total sum of 4.

This minimalist illustration gives an impression on the nature of P-L and PS-L frame

LMOs, but does not exemplify their potential utility. The latter aspect is deferred to

Section 4

ϕ
Boys
2 , n = 2.00 ϕP-L

3 , n = 1.53

ψ2, n = 2.00 ϕ
Boys
1 , n = 2.00 ϕP-L

2 , n = 1.53

ψ1, n = 2.00 ϕP-L
1 , n = 0.94

Figure 1: Molecular orbitals of the allyl anion at equilibrium geometry, spanning the occupied
π-electron space. Canonical MOs ψ and localized MOs ϕ are drawn with cutoff parameter
0.05. Spin-summed, integer occupation number for orthonormal CMOs and Boys LMOs as
well as partial occupation number for the P-L LMOs is denoted by n. Orbital populations
and contours of the PS-L set exhibit a qualitatively identical picture to the P-L set, shown.

3.4.1 Dipole moment

We take the example of the electronic dipole moment, evaluated with the Fermi-vacuum

as ⟨HF| r̂ |HF⟩, with r̂ standing for the coordinate operator, to analyse determinantal

expectation value of one-electron operators expressed with frame LMOs.

Again starting from the canonical orbitals’ trace formula

⟨HF| r̂ |HF⟩ =

No∑
i=1

⟨ψi| r̂ |ψi⟩
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the same can be expressed with Parseval-frame LMOs, e.g. ϕPS-L
µ as

⟨HF| r̂ |HF⟩ =
M∑
µ=1

⟨ϕPS-L
µ | r̂ |ϕPS-L

µ ⟩ , (52)

due to the equivalence of (25) and (28) shown in Section 2.2. The above and further

expressions of this Section relating to Parseval-frame LMOs are written with the PS-

L set. We suffice to mention that the same apply to P-L LMOs as well as to any

other Parseval-frame LMO set. The advantage of Parseval-frames in the terminology

of Ref.55 is that the nontensorial treatment exhibits the simplicity of the tensorial one,

manifesting in the lack of overlap matrices in (52). The reason behind is that the metric

of Parseval-frames is nonunit but idempotent, c.f. (20).

Individual terms of the sums in (52) do not have a direct chemical meaning, since

the LMOs are not normalized. Introducing the LMO centroid as

RPS-L
µ =

⟨ϕPS-L
µ | r̂ |ϕPS-L

µ ⟩
⟨ϕPS-L

µ |ϕPS-L
µ ⟩

, (53)

we can expand each term in (52) by the squared norm of the corresponding LMO,

yielding

⟨HF| r̂ |HF⟩ =
M∑
µ=1

⟨ϕPS-L
µ | r̂ |ϕPS-L

µ ⟩
⟨ϕPS-L

µ |ϕPS-L
µ ⟩

nPS-L
µ =

M∑
µ=1

RPS-L
µ nPS-L

µ , (54)

by taking into account (49). In this last equation the classical expression is recovered,

with Parseval-frame LMO centroids and partial occupation numbers.

4 A benefit of redundant LMOs

We employ the Parseval frames of PS-L and P-L LMOs, c.f. (37) and (41) in our

application. The PS-L and P-L LMOs are produced based on atomic centers, which

is a key point in avoiding equivalent sets of LMOs. While the the need of any ad hoc

symmetrization algorithms is relieved this way, one has to handle an overcomplete set
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in return. This raises the question whether redundancy is a necessary or avoidable

burden in this situation. Let us address this question in two shots.

First, seeking a closest orthonormal (ON) set to a given Parseval frame in a represen-

tative example, multiple equivalent closest ON sets can be found at the high-symmetry

arrangement. Upon distortion these sets become nonequivalent. The pathological dis-

continuity therefore manifests along the reaction trajectory with the closest ON orbitals.

Based on this finding, relaxing orthogonality appears necessary for obtaining a smooth

transition. The more difficult question of relaxing linear independence is addressed in

the discussion of the numerical example of Section 4.2.

The distortion of benzene between D3h structures through D6h symmetry is a well

known example where standard procedures yield equivalent sets of orthogonal LMOs

at the D6h point. Localization extrema can be assigned to the Kekulé-structures of

the molecule. We examine a different bond rearrangement in Section 4.2 below, with

the similar feature of two equivalent localized minima at the C2v high-symmetry point

of the trajectory. Of the three doubly occupied, orthogonal LMOs, two are of the

same type and the third is different in the example of Section 4.2. The analogy be-

tween the D6h benzene and the C2v semibullvalene of Section 4.2 is that a single set

of LMOs corresponding to just one Kekulé-structure does not represent the molecular

point group. In such a case, standard localization algorithms are expected to produce

multiple equivalent extrema, resulting in LMO discontinuity during trajectory tracking.

4.1 Computation details

While no iteration procedure is associated with PS-L and P-L frames, numerical eval-

uation of one matrix square-root is required when generating the Löwdin-set from the

native LMOs. The former calls for (SPS)1/2 while the latter needs P1/2, according to

the alternative formula of (47). Both SPS and P are of rank No and allow for a decom-

position as a product of an M ×N matrix and its adjoint, c.f. (A.5) and (A.6). This

facilitates a computation cost of the square root scaling as O(M2N) via the thin SVD

of the factors.65 This is to be compared with the O(M3) procedure characterizing the
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square root evaluation of full rank M ×M matrices, with the help of iterative matrix

multiplication algorithms.66

In order to keep the cost of matrix manipulations manageable, we project only the

tightest core and valence set of the AOs in this work to generate native P- and PS-

LMOs. This ensures that the resulting Parseval frame represents the occupied space

while keeping its dimension at the minimal basis level. This procedure admittedly

introduces an ambiguity in the calculation scheme, which is accepted at the current

stage with plans for waiving this feature in follow up works.

4.2 Semibullvalene bond rearrangement

Semibullvalene tautomerisation provides an example for a geometrical distortion in-

volving bond cleavage and formation. Molecular structure at the initial point of the

reaction is shown in Fig. 2. Double bonds C1-C2 and C6-C7 and single bond C3-C5 are

cleaved along the reaction path, whereas double bonds between C2-C3 and C5-C6 and

single bond between C1-C7 are formed, resulting in the tautomer pair of the structure

in Fig. 2. Tautomers exhibit Cs symmetry and the system passes through a C2v saddle

point at halfway of the reaction trajectory. Hartree-Fock computations were performed

in cc-pVDZ basis. Orientation of the molecule is fixed by the principal axis system.

Optimized geometry points, provided in Supplementary Information, were taken from

Nudged Elastic Band67 trajectory calculations. The reaction path is discretized for 15

points, Fig. 2 displays geometry point 1.

Contours of Boys and PM LMOs are shown in Fig. 3 for the middle, C2v symmetry

point of the reaction path. The two sets of localized orbitals, shown in separate columns

are equivalent only at this point of the trajectory. In the reactant/product regime, one

or the other set is more favorable. As the orbitals are localized at distinctly different

regions in the two sets, a sudden change in the character of LMOs occurs around the

mid point of the trajectory.

This effect is depicted in Fig. 4, showing the displacement of LMO centroids along

the trajectory. Step size of Boys and PM LMO centroids clearly stand out between
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Figure 2: Atom numbering of semibullvalene. Molecular structure is drawn at the initial
point of the reaction trajectory. During the reaction double bonds C1=C2, C6=C7 and
single bond C3-C5 are rearranged to C2=C3, C5=C6 and C1-C7, respectively.

Boys PM

Figure 3: Boys and Pipek-Mezey (PM) LMO contours at the C2v symmetry point of the
reaction trajectory of semibullvalene. Orbitals undergoing the most distortion along the
reaction path are shown. One column of the table corresponds to one extremum of the
localization function. Two columns under the same method show the LMOs of two equivalent
extrema, c.f. Kekulé-structures.

geometry points 8 and 9. While LMO centers displace less than 0.1 Å between other

points of the trajectory, a step of cca. 1 Å for the rearranging double bond and cca. 2 Å

for the single bond is unacceptably large, causing artifacts in semiempirical approaches

exploiting these LMOs.

Orbital contours of P-L LMOs, shown in Fig. 5 for four points along the trajectory
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Figure 4: Displacement of LMO centroids between neighboring points of the reaction tra-
jectory of semibullvalene computed in cc-pVDZ basis set. Orbitals were tracked based on
maximum overlap from point to point for Boys, PM, P-L and PS-L schemes. Index 1 refers
to the orbital in the top row, index 2 stands for the orbital in the bottom row of Figure 3
for Boys and PM LMOs. For PAO related orbitals, index 2 stands for the 1st row of Figure
5.

clearly transition smoothly along the reaction path, at difference with Boys and PM.

Comparing the change of plots in the same row of Fig. 5, they do not seem to be larger

between points 6 and 10 than between 1 and 6 or between 10 and 15. A parallel of Fig.

5 for PS-L LMOs, included in Supplementary Information, allows to draw the same

conclusion. Smooth change of P-L and PS-L frame LMOs is also illustrated in Fig. 4,

showing displacements of LMO centroids for one orbital, undergoing a relatively large

distortion in Fig. 5. Step size of these, as well as other P-L and PS-L LMO centroids

remain on the same level and relatively small all along the reaction.

The P-L LMOs drawn in Fig. 5 are obtained from the tightest valence p AO set of

the two types of carbon atoms involved in bond rearrangement. From the two atoms

shown in Fig. 5, all others’ plots can be generated by symmetry relations, e.g. those of

C3 are obtained from C1 by reflection along the Cs plane of the molecule and swapping

trajectory points 1↔15 and 6↔10. The character of these frame LMOs is clearly neither
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atomic nor diatomic, they rather tend to localize around three neighboring nuclei. It is

important to note that individual projected AOs are in general not invariant to rotation,

it is a full p, d, . . . shell that allows to draw orientation independent conclusions. It is

for this reason, that a full valence p set is included in Fig. 5, even if some of the orbitals

hardly show any variation.

1 6 10 15

Figure 5: Contours of P-L LMOs at selected points (step No. indicated in header) of
the tautomerization trajectory of semibullvalene. Frame LMOs obtained by projecting the
tightest valence p AOs of atoms C1 and C2 are shown. See atom numbering in Fig. 2.
Atom and AO labels refer to the AO used for projection. The molecule is oriented along its
principal axis system. See text for more explanation.

Let us now address the general question what makes frame LMOs transition

smoothly as opposed to Boys or PM. In the simplest picture there are 6 electrons

participating in the tautomerization, allowing for 3 doubly occupied orthogonal LMOs.
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A single set of three LMOs, shown in one column under PM in Fig. 3 is not invari-

ant under symmetry operations of the C2v point group. Thinking in a dot diagram

representation and examining atom C1, it is a must to decide whether its electron par-

ticipating in the process contributes to the double bond with C2 or to the single bond

with C7. Midway solution is not possible from the part of orthogonal LMOs, even for

complete equivalence of the two LMO sets, i.e. two Kekulé-structures. Banana bonds

of the Boys procedure, shown in Fig. 3 increase the number of electrons and LMOs

involved, but the essence remains the same.

The frame LMO concept allows for more than No LMOs and releases the require-

ment on individual occupations, fixing only their sum at the number of electrons. In

the present scheme, PAOs adhering to the dimension of the minimal basis, the number

of valence electrons agrees with the number of valence frame occupied LMOs. Accord-

ingly, in a uniform distribution, all valence frame LMO occupations would be 1. As a

consequence, the number of frame LMOs expected to describe the process is increased

at least to 6. With 6 localized orbitals it is possible to represent the molecular point

group, at difference with the 3 orthogonal LMOs. Thinking again in a dot diagram

representation, 6 frame LMOs bring the freedom of describing the contribution of a

single electron to the rearranging bond system. Atom C1 is now given the freedom

of gradually changing the commitment of its affected electron from the double bond

with C2 to the single bond with C7, with possibilities for varying midway solutions.

As Fig. 5 indicates, the real situation is more complicated than the simplified picture

given above. In fact it is hard to assign one single projected frame LMO of atom C1

to the bond rearrangement. It is rather the altogether 18 p AO related frame LMOs

of the affected carbon atoms, which describe the process. The basic finding, however,

remains.

The above discussion hints the necessity of linear dependence in achieving a smooth

transition of LMOs, as three LMOs localized around 6 carbon atoms is not enough

to form an invariant subspace under all symmetry operations of the C2v point group.

Smooth LMO transition is facilitated by the increased number of frame orbitals with a
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simultaneous decrease in their occupations.
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Geometry	points

Figure 6: Partial occupation numbers, n of P-L frame LMOs along the tautomerization
reaction trajectory of semibullvalene. Atom and AO labels refer to the AO used for pro-
jection. Top panel shows occupation numbers summed for the valence p shell of the same
center. Bottom panel displays occupation numbers of frame LMOs originating from individ-
ual px, py and pz AOs.

Partial occupation numbers obtained from (49) and multiplied by 2 for spin-

summation, shown in Fig. 6 for P-L and in Fig. 7 for PS-L frame LMOs support

the above statements. Individual frame LMO occupations plotted in the bottom panel

of Fig. 6 correspond to the LMOs in Fig. 5, with Fig. 7 being analogous. As expected,

frame LMO occupations are close to 1. Moreover they vary smoothly along the reaction

path, on a scale not larger than 0.1. Interestingly, while frame LMO contours are rather

similar for P-L and PS-L, their occupation numbers show a significant difference: those

of P-L tend to be smaller than one and those of PS-L are rather larger than one. We

attribute this difference to overlap effects and choose not to interpret the occupation

numbers or their variations, especially since they change on a fine scale. Note also, that

individual LMO occupations are subject to change with molecule orientation. This is

the reason for plotting p AO related frame LMO occupations summed for a given center
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Figure 7: Partial occupation numbers, n of PS-L LMOs along the tautomerization reaction
trajectory of semibullvalene. See the legend of Fig. 6 for more.

in the top panels of Figs. 6 and 7. These curves also show a smooth dependence on the

reaction coordinate. Let us stress once again, that atom and AO labels in Figs. 6 and

7 refer to the AO used for projection and do not mean that frame LMOs would exhibit

atomic character, c.f. Figs 5.

5 Conclusion

We have shown that the notion of frames facilitates the use of projected AO related,

overcomplete orbital sets in a way reminiscent of orthogonal bases. In particular, the

unit operator of the space spanned by frame orbitals is represented by a single sum of

symmetric dyads, when the underlying set is a Parseval-frame. This opens a way of

expanding arbitrary orbitals, computing traces and operator matrix elements in terms

of overcomplete orbitals in a manner analogous to the orthonormal case.

A finite set of overcomplete orbitals always represents a frame of the space it spans.

Generating a Parseval-frame of an initial frame is possible by performing a symmetric
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Löwdin-transformation with the help of a generalized inverse of the singular overlap

matrix. The Moore-Penrose pseudo-inverse serves for this purpose, as well as weaker

inverse choices, satisfying only the first two, so-called reflexive items of the four Penrose

conditions.

In this work we have considered previously introduced PS- and P-LMOs as initial

frame sets and showed that reflexive inverses are readily available via the idempotency

condition of matrix PS, removing the need of numerical inversion. We have also shown

that the PS-L Parseval-frame, generated by this reflexive inverse is equivalent to the

P 1/2 LMO set proposed in a former study.42

Dealing with an overcomplete set instead of a linearly independent one brings an

inevitable loss of efficiency, which should be compensated by some advantage of the

frame. In this work we have shown one example for redundancy helping to overcome

a symmetry related ambiguity, which can not be evaded with orthogonal MOs. The

problem arises from equivalent localization minima, occurring whenever one set of dou-

bly occupied LMOs, affected in bond rearrangement, fails to form a representation of

the molecular point group. We surmise that the problem can not be evaded with nei-

ther orthogonal nor overlapping, doubly occupied LMOs. Leaving linear independence

behind appears necessary for mitigating this symmetry induced the discontinuity of

LMOs along reaction trajectories. The proposed solution by frame LMOs is simple and

free from any special adjustment related to the problematic LMO subset. We expect

that it may have implications in LMO-based property calculations, e.g., decomposition

of electron density, LMO-based electrostatic descriptors, as dipole moments or higher

order moments, van der Waals interaction centers, embedding techniques.

While allowing for redundancy, keeping the dimension of the frame set as low as

possible is an evident goal. The workaround applied in this study, i.e. projecting from

the tightest core and valence AO set, is not regarded an ultimate tool. More robust

ways of reducing the number of frame LMOs are under investigation. While rotation

invariance of PAOs poses no problem as long as full p, d, . . . shells are considered on

a given center, a frame set with rotation invariant individual elements could also have
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benefits.

Finally, some remarks on redundancy related numerical instabilities are due. The

generalized overlap inverse yielding Parseval-frames is one potential weakness which is

presently sidestepped by relying on well defined reflexive inverses. It deserves mention

though, that the rank of matrices treated here is exactly the number of occupied MOs.

Since this determines the number of nonzero singular values or eigenvalues of X or S,

respectively, even an MP pseudo inverse computation is free from the usual pitfalls

associated with a numerical zero threshold.

Existence of alternative coefficient sets representing the same function is another

valid concern when dealing with redundant sets. In the context of this study it however

does not introduce any conceptual or numerical problem.

The smoothness of the curves shown in Section 4.2 is encouraging on continuous

derivatives with respect to nuclear positions of frame LMO related quantities along a

reaction trajectory.

Associated Content

Supporting Information available. A parallel of Fig. 5 with PS-L LMOs, projected

from the tightest valence p AOs of atoms C1 and C2, at slected points of the reaction

trajectory.
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A Appendix

A.1 Nonunique expansion coefficients

Diagonal entries of the overlap (12) are squared norms of {φµ}. Rearranging in the

form

V†SV =

Ö
Σ2 0

0 0

è
(A.1)

we still have squared norms in the diagonal, now those of vectors

M∑
µ=1

|φµ⟩Vµλ .

The zero bottom right block of (A.1) means that

M∑
µ=1

|φµ⟩Vµλ = |0⟩ , λ = N + 1, . . . ,M (A.2)

where |0⟩ stands for the vector of zero norm.

To highlight the ambiguity of the linear coefficients, let us expand φν on the set of

{φµ} with the help of (14) to get

|φν⟩ ≡
M∑
µ=1

|φL
µ⟩⟨φL

µ |φν⟩ =

M∑
µλ=1

|φµ⟩Sµλ⟨φλ|φν⟩ =

M∑
µ=1

|φµ⟩(SS)µν

=
M∑
µ=1

|φµ⟩
N∑

λ=1

VµλV
∗
νλ ,

(A.3)

having used (18) as the definition of S. The last step above holds as SS agrees with

the overlap matrix of the Löwdin-vectors in (20). Though (14) ensures that the rhs of

the above gives |φν⟩, the coefficient appearing next to |φµ⟩ is embarrassingly not δµν .
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It would appear if the unitary nature of V could be utilized, which is prevented on

the rhs of (A.3) by the summation over λ being restricted to 1, . . . , N . To extend this

summation over N + 1, . . . ,M , one has to remark that this step means adding merely

zeroes, due to (A.2). While coefficients δµν appear next to |φµ⟩ by this procedure, it is

just one particular way of augmenting the rhs of (A.3) without altering |φν⟩.

A.2 On the frame properties of PS-LMOs and P-LMOs

Starting with PS-LMOs, let us rewrite (33) using P = CC† and (29) to get

|ϕPS
µ ⟩ =

M∑
ν=1

No∑
i=1

|χν⟩Cνi(C
†S)iµ =

No∑
i=1

|ψi⟩(C†S)iµ ,

indicating that the No ×M matrix of expansion coefficients introduced in Section 2.1

reads for the PS-LMOs as

XPS = C†S .

The frame-operator of PS-LMOs

F̂PS =

M∑
µ=1

|ϕPS
µ ⟩⟨ϕPS

µ |

therefore takes the matrix representation

FPS = XPSXPS† = C†S
2
C .

As the rank of C is No, the above matrix is positive definite, the set of occupied

PS-LMOs accordingly represents a frame.

Turning to P-LMOs, their expansion on the orthonormal basis of canonical MOs

reads

|ϕPµ ⟩ =
No∑
i=1

M∑
ν=1

|χν⟩CνiC
∗
µi =

No∑
i=1

|ψi⟩C∗
µi ,
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the No ×M matrix of expansion coefficients of P-LMOs accordingly takes the form

XP = C† .

The matrix representation of the frame-operator of P-LMOs

F̂P =

M∑
µ=1

|ϕPµ ⟩⟨ϕPµ |

is obtained as

FP = C†C ,

fulfilling the frame condition, since FP is positive definite when C is of rank No.

It is easy to show that XPS† is a generalized inverse of XP , fulfilling criteria (17a)-

(17c). With the notation of Section 2.1.3

XPS† = XP . (A.4)

All three criteria implied by (A.4) rest on the orthonormal property of the occupied

MOs, expressed as C†SC = INo . In particular, the check of (17a)-(17c) read as

a) XPS† XP XPS† = SC C† SC = SC INo = XPS†

b) XP XPS† XP = C† SC C† = INo C† = XP

c) XP XPS† = XPS XP † = C†SC = INo

Overlap matrices of PS-LMOs and P-LMOs are accordingly reflexive inverses of each

other in the sense of Section 2.1.3. They are given by

XPS†XPS = SPS (A.5)

and

XP †XP = P (A.6)

obeying criteria (35).
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A.3 P1/2 through the SVD of C

Write the SVD of the M ×No coefficient matrix of the occupied orbitals as

C = Z

Ö
Λ

0

è
W† ,

where the diagonal entries of Λ are assumed to be positive. With the above introduced

quantities the spectral decomposition of the density matrix of the occupied space reads

P = CC† = Z

Ö
Λ2 0

0 0

è
Z† ,

allowing to express the square root of the matrix as

P1/2 = Z

Ö
Λ 0

0 0

è
Z† .

Let us now introduce matrix D as

D = Z

Ö
INo

0

è
W† .

The following equations can be verified by substitution

P1/2 = CD† = DC† .

Using the orthonormal property of the occupied MOs, expressed as

C†SC = INo

we see that

PSP1/2 = CC†SCD† = CD† = P1/2 ,
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as well as

P1/2SP = DC†SCC† = DC† = P1/2

hold. It is also obvious, that P1/2SP1/2 is a symmetric projector of the occupied space,

since

P1/2SP1/2 = DC†SCD† = DD† = Z

Ö
INo 0

0 0

è
Z† .
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