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Abstract

A multi-reference generalization of the partitioning introduced recently by Knowles

(J. Chem. Phys. 2022 156, 011101) is presented with the aim to study electronic

systems at a medium level of correlation. The multi-reference formalism applied is the

general framework of multi-configuration perturbation theory (MCPT).

1 Introduction

Many-body methods1,2 are ubiquitous in the description of electron correlation, following

either perturbation theory (PT) or coupled-cluster (CC) considerations. Many-body PT

(MBPT) has been established as a lower cost, lower performance option as compared to

CC, applied in a variety of situations not only in molecular electronic structure3–9 but also

in vibrational structure10,11 studies. Apart from being one of the pioneers of many-body

methods, Professor Rodney Bartlett’s leadership has been highly influential, shaping research

in the field for a considerable period. It is not entirely without credit, that once, orienting

a bewildered student in the enigmatic world of abbreviations in quantum chemistry, MBPT

was jocularly resolved as "Mr. Bartlett’s PT".
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Considering the molecular electronic Hamiltonian, use of MBPT in its single-reference

(SR) version mostly occurs in the Møller-Plesset (MP) partitioning,12 where the Fockian is

used as the zero-order Hamiltonian Ĥ0 and a single Hartree-Fock (HF) determinant con-

stitutes the zero-order wave function. Applicability of this approach is limited to weakly

correlated systems, where the exact full configuration interaction (FCI) wave function is

dominated by the HF determinant.

Tuning low order MBPT corrections, e.g. with the intent of getting closer to truncated

CC in terms of accuracy but not in terms of computational cost, has been an ever present

challenge, even for weakly correlated systems. The theory in fact provides ground for this

in leaving the partition of the Hamiltonian

Ĥ = Ĥ0 + Ŵ (1)

up to choice. Among alternative options to MP,13,14 Epstein-Nesbet partitioning is relatively

well-known,15–18 but many others were put forward (see e.g.19,20 for review). Scaling an ini-

tial partitioning based on the idea of Feenberg21,22 was extensively explored.23–28 Thinking

in terms of electron pairs has been fruitful in these considerations, revealing that the sim-

plest variant of the coupled electron pair approximation (CEPA-0)29 can be interpreted as

a second-order PT method with non-MP partitioning. Zero-order Hamiltonians yielding

CEPA-0 at second order were crafted based on matrix block-structure considerations,30 re-

stricting excitation implemented in a second-quantized expression of the operator,31 as well

as extending Feenberg’s scaling to many parameters.32,33 Of the surprisingly many alter-

native ways of recovering the CEPA-0 approximation,34 infinite order resummation of MP

terms35–39 and linearized CC with double excitations (LCCD)40 deserve mention here.

Setting up equations for parameters introduced in a zero-order Hamiltonian with the aim

of improving some property of the arising PT terms is a strategy we are going to address

as partitioning optimization. The method introduced by Knowles,41 termed perturbation-
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adapted PT (PAPT), is a partitioning optimization in line with previous efforts,42–44 seek-

ing an effective one-body potential suitable as zero-order operator for PT treatment. The

PAPT equations, determining parameters (i.e. one-body integrals) in the second quantized

expression of Knowles’s H0, can be interpreted as an internally-contracted variant of a multi-

parameter extended Feenberg scaling.45 Numerical assessment indicated that the ambition of

getting PT2 energies closer to coupled-cluster singles and doubles (CCSD) is largely fulfilled

by PAPT, admitting that scaling of the method also got similar to CCSD.41,46

Remarkable accuracy of PAPT in the SR framework gives the motivation of the present

work. Regarding that Knowles’s study is rooted in a SR formalism, results of numerical

applications met expectations in finding its applicability limited to weak correlation.46 The

aim here is to extend the benefits of PAPT to situations where SRPT is inadequate, due

to two or more determinants carrying considerable weight in the FCI wave function. Per-

turbative treatment in such situation calls for the application of a multi-reference (MR)

version of the theory. Multi-reference extension of straightforward SR theories can be quite

complicated.47,48 The sheer number of MR-PT variants proposed in literature illustrates this

statement, with a few selected examples given by49–79 and references therein. From our

present perspective, approaches that considered the idea of partitioning optimization in the

MR setting are particularly interesting.80–84 In view of the discussion above, MR realization

of LCCD85,86 and CEPA-087 are also related to partitioning optimization in spite of not

utilizing PT terminology.

The MR framework chosen here for PAPT adaptation is a version termed multi-configuration

perturbation theory (MCPT),88 that already served for extension of the multi-parameter

Feenberg’s scaling.84 Considerable numerical success of this effort was unfortunately matched

with unfavorable computational cost (scaling with the third power of the dimension of the

first-order interacting subspace of the Hilbert-space). System size dependence of the number

of parameters to optimize in PAPT is a less steep function, giving the promise of a more

practical approach. An MP-type partitioning variant of the MCPT framework89 provides
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an apt starting point that we shall review in the next Section. This is followed by a recap of

Knowles’s partitioning optimization in the SR context. Combination of these two building

blocks is presented in Section 2.3. Numerical examples followed by a concluding Section

closes the paper.

2 Theory

2.1 Review of MCPT

Given a normalized reference state which consists of a (usually limited) number of determi-

nants

|Φ⟩ = |0⟩ d0 +
M∑

K=1

|K⟩ dK , (2)

where |0⟩ is a principal determinant, aka pivot (e.g., Hartree-Fock, HF), while |K⟩ denotes

determinants excited from |0⟩, a one-dimensional multi-reference projector is specified as

Ô = |Φ ⟩⟨ Φ|. (3)

Determinants exhibiting a nonzero coefficient in the expansion of Φ span the reference space,

which may be complete or incomplete. To set up a basis in the N -electron Hilbert space, we

consider

1. the multi-configurational vector |Φ⟩;
2. excited determinants |K⟩, constituting the reference space for K = 1, . . . ,M ;
3. excited determinants |K⟩, out of the reference space, i.e. K = M + 1, . . .

Though the principal determinant has been dropped, the above specified basis is complete

since |0⟩ has nonzero coefficient in |Φ⟩.

Observe that |Φ⟩ and the excited determinants overlap. To account for this, we project
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excited determinants by P̂ = 1− Ô to get

|K ′⟩ = P̂ |K⟩ = |K⟩ − |Φ⟩ dK , (4)

projected determinants, which are orthogonal to |Φ⟩ but overlap among themselves. The

overall metric matrix of the set {|Φ⟩} ∪ {|K ′⟩|K = 1, . . . ,M} exhibits the structure

S =

 1 0

0 S

 (5)

where elements of the diagonal block S, assuming real coefficients read

SKL = ⟨K ′|L′⟩ = δKL − ⟨K|Φ⟩⟨Φ|L⟩ = δKL − dK dL. (6)

A key advantage of this metric is that it can be analytically inverted facilitating a biorthog-

onal perturbation theory,90–94 where the bra basis vectors, transformed into the reciprocal

space (denoted by tilde) have the following simple, two-determinantal expansion

⟨K̃ ′| = ⟨K| − dK
d0

⟨0|. (7)

It can be seen by substitution, that ⟨K̃ ′|L′⟩ = δKL indeed holds.

In order to keep a closest possible resemblance with MP theory, we apply the zero-order

of the MP-MCPT variant89 in this work, which incorporates the generalized Fockian

Fpq = hpq +
∑
rs

ρsr[pr||qs] (8)

in the zero-order Hamiltonian, with hpq denoting one-electron integrals, [pr||qs] = [pr|qs]− [pr|sq]

standing for antisymmetrized two-electron integrals in Dirac-notation and ρsr being elements

of the first-order density matrix constructed with the principal determinant. Small case latin
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letters p, q, . . . are used for generic spinorbital indices. The zero-order Hamiltonian of MP-

MCPT features a nondiagonal block in space P̂ , according to

Ĥ0
MP-MCPT = E0 Ô + P̂ F̂ P̂ . (9)

By construction, |Φ⟩ is an eigenvector of the zero-order operator with E0 being the associated

eigenvalue. Projected excited determinants |K ′⟩ are mixed by Ĥ0
MP-MCPT as governed by the

generalized Fockian.

The first-order equation for |Ψ1⟩ is written as

[
Ĥ0 − E0

]
|Ψ1⟩ = −Ŵ |Φ⟩ (10)

with Ŵ = Ĥ − Ĥ0. To solve Eq.(10), it is practical to introduce its coefficient matrix T

with the elements

TLK = ⟨‹L′|F̂ − E0|K ′⟩ , K, L = 1, . . . (11)

Note, that the zero-order of Eq.(9) operates not only over the reference space but also over

its orthogonal complement. In accordance with this, indices K and L above and further on

run for all excited determinants. Notation |K ′⟩ and ⟨‹L′| is somewhat superfluous for excited

determinants out of the reference space, since Eqs.(4) and (7) obviously leave them intact. It

is in the interest of brevity, that notation prime and tilde is kept for all excited determinants.

Expressing the first-order wavefunction as

|Ψ1⟩ =
∑
K=1

|K ′⟩cK (12)

first-order coefficients, obtained from the solution of Eq.(10) read

cK = −
∑
L=1

QKL⟨‹L′|Ŵ |Φ⟩ (13)
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where QKL are elements of the reduced resolvent Q, fulfilling

Q = T−1 . (14)

With the help of Eqs.(12) and (13) the second-order energy is obtained as

E2
MP-MCPT = ⟨Φ|Ŵ |Ψ1⟩ = −

∑
K=1

⟨Φ|Ŵ |K ′⟩
∑
L=1

QKL⟨‹L′|Ŵ |Φ⟩ . (15)

Since we shall be dealing with the energy up to order three, the expression for the next order

is given for completeness, assuming ⟨Φ|Ŵ |Φ⟩ = 0

E3
MP-MCPT = −

∑
K=1

⟨Φ|Ŵ |K ′⟩
∑
L=1

QKL⟨‹L′|Ŵ |Ψ1⟩ . (16)

Main characteristics of MP-MCPT in view of alternative schemes are briefly summa-

rized below. For a more detailed account, see Ref.89 The MCPT framework belongs to

the diagonalize-then-perturb family of MR-PT methods. Regarding the choice of the zero-

order Hamiltonian, MP-MCPT follows in the footsteps of Wolinsky and Pulay,54 similarly to

Roos’s CAS based PT56,73,74 or the formulation of Murphy and Messmer.57 Use of a gener-

alized Fockian for defining the zero-order is a characteristic shared by Hirao’s multireference

MP59 also. Dyall’s theory63 and the n-electron valence state PT67 introduced by Malrieu

and coworkers are markedly different in including explicit two-body interaction at the level

of the zero-order operator.

Basis vectors considered in the CI space is another, important aspect of MR-PT method-

ology, intimately tied to the question of overlap. By working on the basis of determinants in

the first-order interacting subspace, MCPT represents a theory decontracted to the extreme.

Were the overlap treated by means of a numerical algorithm,54,56 a decontracted basis could

seriously hinder practical use. Closed form of the inverse overlap, i.e. the expression of

reciprocal functions by Eq.(7), is paramount in sidestepping numerical overlap handling.
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To complete the picture, chief drawbacks of MP-MCPT, pivot dependence and size-

inconsistency are to be mentioned. While the source of pivot-dependence is rather obvious,

size-consistency violation is a more subtle issue. Size-inconsistency of MCPT, characterized

previously by analytical as well as numerical means,88,89 is a feature shared by MR-PT for-

mulations that compose the zero-order Hamiltonian with the help of Hilbert-space projectors

Ô and P̂ , c.f. Eq.(9).64

2.2 Review of the Knowles partitioning

In the framework of SR MBPT, in defining the zero-order Hamiltonian, Knowles41 proposed

to replace the Fockian with a nondiagonal one-body operator

Λ̂ =
∑
ij

Λij i+j− +
∑
ab

Λab a+b− (17)

with elements Λij and Λab determined from the condition

⟨Θ+
ij| Λ̂N − ĤN |Ψ1⟩ = 0 , (18a)

⟨Θ+
ab| Λ̂N − ĤN |Ψ1⟩ = 0 . (18b)

In the above and throughout index convention i, j, . . . for occupied and a, b, . . . for virtual

spinorbitals applies. Notation N in subscript refers to the normal ordered form of the

operator, e.g. ĤN = Ĥ − ⟨HF|Ĥ|HF⟩. Many-body expression of the the first-order PT wave

function is given by

Ψ1 =
1

4

∑
ij

∑
ab

a+b+j−i−|HF⟩ cabij , (19)

with the first-order coefficients cabij being antisymmetric in indices ij and in indices ab. The

projection manifold, ⟨Θ+
ij| and ⟨Θ+

ab| is a symmetrized version of an internal contraction of

determinants constituting the first-order interacting subspace. In particular, for occupied
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spinorbitals

⟨Θij| =
∑
ab

∑
k

cabki ⟨HF|k+j+b−a−, (20)

and

⟨Θ+
ij| = ⟨Θij|+ ⟨Θji| , i ≤ j. (21)

Analogous formulas apply for virtual projection functions. Assuming that Λij and Λab is

symmetric, the number of projection equations matches the number of unknowns.

The significance of Eq.(18) is that the free parameters in the zero-order Hamiltonian Λ̂

are determined from a condition that sets the effect of Λ̂ as close as possible to that of Ĥ on

the elements of the first-order interacting subspace (i.e. determinants interacting with |HF⟩

via the Hamiltonian). The second-order energy calculated as

E2
SR-PAPT = ⟨HF|Ĥ|Ψ1

SR-PAPT⟩ (22)

with |Ψ1
SR-PAPT⟩ obtained with Λ̂ determined from Eq.(18), has been demonstrated to bring a

considerable improvement over MBPT2.41 Higher orders of the PT series have also improved

as a consequence of parameters of the zero-order Hamiltonian fulfilling Eq.(18).

Note, that according to Eq.(17) no occupied-virtual mixing is allowed in Knowles’ zero-

order Hamiltonian. This means that the Brillouin theorem is preserved with all of its con-

sequences in the SR version of Knowles’ theory. This feature is going to abandoned in the

MR version.

As demonstrated first numerically and later proved by formulae,46 third-order correction

by Knowles’s partitioning vanishes when the procedure is iterated till self-consistency. First

step of the iteration is obtained by constructing Eq.(20) with first-order coefficients in MP

partitioning and generating first-order coefficients in Knowles’s partitioning by the linear

equations of Eq.(18). The latter coefficients substituted into Eq.(20) and the thus obtained

projection functions applied in Eq.(18) yields a second iterate of |Ψ1⟩ in Knowles’s parti-

tioning. Assuming that convergence is attained by repeating this procedure, the third-order
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energy can be given as

E3
SC = ⟨Ψ1

SC|ŴN |Ψ1
SC⟩ , (23)

where SC in subscript stands for self-consistence. Writing the first-order wavefunction in the

form

⟨Ψ1
SC| =

1

2

∑
i

⟨Θ+
ii | (24)

and taking into account that ŴN is the negative of the operator appearing in Eq.(18), it is

apparent that the Λ-conditions imposed by the diagonal functions, ⟨Θ+
ii | set individual terms

of the third-order energy zero. (The argument can be equally written with Θ+
aa.)

Completing the brief summary of PAPT, a note on the uniqueness of Λ-parameters is

due. Though the number of equations in Eq.(18) formally matches the number of unknowns,

it has been argued41 that the number of independent equations is less by one. As observed

in practice and demonstrated based on an SVD analysis of the coefficient matrix of the

equations,46 the normal ordered form, Λ̂N appearing in Eq.(18) ensures that the undeter-

mined linear combination of Λ-parameters corresponds to a shift of Λ̂ by a constant, which

is immaterial from the point of view of the subsequent PT treatment.

As long as the coefficient matrix of Eq.(18) features not more than one zero singular

value, parameters in Λ̂ are well defined. Appearance of two of more zero singular values

would introduce an arbitrariness in the parameters. The SVD analysis of Ref.46 indicates,

that this might happen when a projection function or some linear combination of them were

essentially orthogonal to the first order wavefunction and all single substitutions generated

from it. Though in our practice we did not come across such a situation, it would be analogous

to the instability of LCCD, and can be treated by standard techniques,95,96 admitting that

one of the many possible solutions is recovered this way.
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2.3 Knowles partitioning in MCPT

Knowles’ partitioning removes the arbitrariness regarding the value of the matrix-elements in

the one-body zero-order Hamiltonian by requiring Eq.(18) in the SR context. In this section

an analogous treatment is devised in the MR context. In MP-MCPT, matrix elements of

the one-body operator entering the P̂ -block of Eq.(9) are allowed to become different from

Fpq of Eq.(8).

Keeping notation Λ̂ for the one-body operator including adjustable parameters, the zero-

order Hamiltonian of PAPT- MCPT is written as

Ĥ0
PAPT-MCPT = P̂

Ä
Λ̂− ⟨Λ̂⟩

ä
P̂ , (25)

where ⟨Λ̂⟩ = ⟨0|Λ̂|0⟩, with |0⟩ being the principal determinant introduced in Eq.(2). Expres-

sion of Λ̂ in the MR case reads

Λ̂ =
∑
pq

Λpq p+q− . (26)

Note, that the index restriction of Eq.(17) is abandoned, which means stepping beyond the

generalized MBPT1,97 philosophy, where Λia including terms would be assigned to pertur-

bation.

The formalism of MCPT, operating with the concept of the principal determinant, is

particularly suited for setting conditions for parameters Λpq. Though selection of a pivot

introduces complications on its own, it provides a basis of occupied-virtual categorization

that is inherent in the PAPT equations and can be applied in a straightforward manner.

In addition, we posit the following features of the SR version of the theory to be conserved

when formulating the MR extension

1. Λ-parameters should be unique, apart from a constant shift of Λ̂;

2. E3
SC = 0 should hold in the self-consistent case;
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3. Λia = 0 should hold in the limit where |Φ⟩ becomes single determinantal.

2.3.1 On requirement No. 1.

Item 1. above explains the structure of the P -block in Eq.(25). This term, entering the

coefficient matrix of the PAPT equations, is decisive in the nature of the undetermined

linear combination of Λ-parameters. According to an SVD analysis of the coefficient matrix

of the equation,46 a Λ̂− ⟨Λ̂⟩ type of expression is necessary in this term in order that the

zero singular value is associated with a right singular vector of uniform coefficients. The

latter describes a constant shift of Λ̂, immaterial from the point of view of PT.

2.3.2 On requirement No. 2.

As a matter of convenience, the zero of the energy scale is fixed to E0 = ⟨Φ|Ĥ|Φ⟩, as reflected

by the missing O-block in Eq.(25). In accordance with this

ĤN = Ĥ − ⟨Φ|Ĥ|Φ⟩ (27)

is applied, leading to ⟨Φ|Ŵ |Φ⟩ = 0, i.e. no first-order correction in the energy, since both

terms of the perturbation operator

Ŵ = ĤN − Ĥ0
PAPT-MCPT (28)

exhibit zero expectation value with Φ.

We are now in a position to write the MR extension of the PAPT-equations, Eq.(18) as

⟨Θ+
ij| Ĥ0

PAPT-MCPT − ĤN |Ψ1⟩ = 0 , (29a)

⟨Θ+
ab| Ĥ

0
PAPT-MCPT − ĤN |Ψ1⟩ = 0 , (29b)

with specification of the projection manifold being one of the remaining tasks. Theta func-
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tions with two occupied or virtual indices are an extended version of Eq.(20), adapted to

the MCPT framework. This means on one hand, that ⟨Θ|-s are expanded with reciprocal

projected determinants, in line with the biorthogonal nature of the theory. On the other

hand, single excitations are incorporated since they are elements of the first-order interact-

ing subspace. Taking the case of two occupied indices, projection functions in the MCPT

framework read

⟨Θij| =
1

2

∑
ab

∑
k

c̃abki ⟨0̃
kj ′
ab | +

∑
a

c̃ai ⟨0̃j ′a | , (30)

where ⟨0̃kj ′ab | and ⟨0̃j ′a | are reciprocal functions of projected, excited determinants

|0kj ′ab ⟩ = P̂ a+b+j−k−|0⟩ and |0j ′a ⟩ = P̂ a+j−|0⟩ respectively, constructed with the help of

Eq.(7). Symmetrization by Eq.(21) remains in effect. A formula analogous to Eq.(30)

applies for ⟨Θab|.

Coefficients c̃abki and c̃ai in Eq.(30) are chosen such that item 2. of the list of requirements

is satisfied. For this end, the coefficient of ⟨‹L′| in Eq.(16) is transcribed. Taking |L⟩ = |0ia⟩

and applying the formula

c̃ai = −
∑
K=1

⟨Φ|Ŵ |K ′⟩QKL (31)

gives the singly excited coefficient. The case of c̃abki is analogous, with |L⟩ = |0kiab⟩. Relation

(14) between matrices Q and T persists. Elements TLK are generated by the P -block of

Ĥ0
PAPT-MCPT as

TLK = ⟨‹L′| Λ̂− ⟨Λ̂⟩ |K ′⟩ , K, L = 1, . . . (32)

When constructing ⟨Θ| functions for the first time, Λ̂ = F̂ is used in Eq.(32), while the

actual value of Λ-parameters is applied for obtaining Ψ
(1)
PAPT-MCPT as well as for building ⟨Θ|

in course of a self-consistent iteration.

Comparing Eqs.(16) and (29), it is apparent that Eq.(29a) written with 1
2
⟨Θ+

ii | obtained
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from Eq.(30) gives terms of the third-order energy at the MR level. (An analogous statement

is valid for Eq.(29b) and 1
2
⟨Θ+

aa|.)

2.3.3 On requirement No. 3.

Since Λia parameters also appear in Eq.(26), further equations are necessary at the MR

level, in addition to Eq.(29). These additional criteria are governed by item 3. of the list of

requirements. Let us start by writing the first-order equation of the wavefunction, Eq.(10)

partitioned for the space of single and double excitations asÖ
TSS TSD

TDS TDD

èÖ
Ψ1

S

Ψ1
D

è
= −

Ö
(ĤΦ)S

(ĤΦ)D

è
. (33)

Notation S and D in subscript refers to singly and doubly excited determinants, matrix

elements and vector components written with the help of projected determinants in ket and

their reciprocal counterparts in bra, in line with Eq.(32). The singles’ block of the first-order

wavefunction, Ψ1
S is zero in the SR case, which rests on two things (i) (ĤΦ)S = 0 due to

the Brillouin-theorem and (ii) TSD = 0 due to the lack of Λia parameters. In the MR case

neither of these holds, but we can set Λia such that Ψ1
S becomes zero. Inserting Ψ1

S = 0 into

Eq.(33) results

TSDΨ
1
D = − (ĤΦ)S (34)

TDDΨ
1
D = − (ĤΦ)D (35)

which can be combined into

TSDT
−1
DD(ĤΦ)D = (ĤΦ)S . (36)
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Eq.(36) is essentially a first-order Brueckner condition,98 providing as many equations as the

number of Λia parameters.

When applying Eq.(36) in the MR case, T−1
DD is approximated by its diagonal form, leading

to the following working form of the Λ-equations by singles projection for the PAPT-MCPT

∑
j

∑
b

Ria,jb Λjb = ⟨0̃i ′a |ĤN |Φ⟩ (37)

with

Ria,jb =
∑
kl

∑
cd

⟨0̃i ′a |j+b− + b−j+|0kl ′cd ⟩
⟨0̃kl ′cd |ĤN |Φ⟩

⟨0̃kl ′cd |Λ̂− ⟨Λ̂⟩|0kl ′cd ⟩
. (38)

Note, that Eq.(37) is in fact nonlinear, Λii and Λaa parameters entering the coefficient matrix

of Eq.(38) via the denominator. In practice, the linearized form of Eq.(37) is solved in one

step, together with Eq.(29). Elements Ria,jb are constructed with Fii and Faa substituted as

Λii and Λaa initially and the diagonal Λ-parameters are updated in course of a self-consistent

PAPT iteration. Hence Λii and Λaa become consistent in Eqs.(29) and (37) only upon

convergence of a PAPT iteration. As a result of this and the approximative form of T−1
DD in

Eq.(38), the eventual contribution of single excitations to Ψ1 of PAPT-MCPT is small, but

nonzero.

2.3.4 Workflow of PAPT-MCPT

A flowchart in Fig. 1 gives an overview of the workflow of a PAPT-MCPT calculation. The

first-order equation is initially solved with F̂ applied in place of Λ̂. This yields first-order

wavefunction coefficients in MP partitioning and facilitates to compute projection functions,

⟨Θ|. Constructing quantities for the working equations of Λ-parameters, in particular Eq.(29)

represents the rate determining step of the PAPT procedure. With Λ-parameters at hand,

the first-order equation is solved again, to generate wavefunction coefficients in PAPT par-

titioning. The second-order energy in MP and PAPT partitionings is obtained from the
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respective first-order wavefunction with the help of Eq.(15). In course of a self-consistent

(SC) iteration, ⟨Θ| functions are constructed again with the actual value of Λ-parameters

fed into Eq.(32), and the process is repeated till convergence.

In the SR setting, rate determining step of the calculation is the construction of the

coefficient matrix and inhomogeneous vector involved in Eq.(29), requiring manipulations

scaling with the sixth power of the number of basis functions, with proper intermediates.46

As indicated in Fig. 1, this remains essentially the same in the MR version. As long as the

expansion in Eq.(12) resorts to single and double substitutions of the principal determinant,

terms arising from non-pivotal components of the reference in Eq.(29) feature lower-order

scaling. In this case, length of the expansion in Eq.(2) should contribute only to the overhead

of the calculation cost. In the MR scenario, cost of the first-order wavefunction is to be

considered too, as nondiagonal nature of matrix T makes it more costly than in the SR

case. With a dense matrix T, iterative solution of Eq.(10) would scale as ∼ n4
occ · n4

virt,

surpassing the cost of Eq.(29). However, the one-body nature of F̂ or Λ̂ renders matrix T

comfortably sparse, allowing for the use of efficient, linear scaling algorithms, as it has been

often stressed.54

3 Assessment

Test cases of the numerical assessment feature mild to serious challenge for the SR version of

PAPT theory. Errors measured from FCI are shown in parallel for the MR and SR version of

PT, the latter labeled PAPT-MBPT2 for Knowles’ partitioning and MBPT2 for the original.

In our pilot applications special attention is paid since nonzero nature of Λia parameters

is an instance in what the MR generalization of PAPT markedly departs from the SR variant.

The effect of single excitations can be easily switched off by resorting the expansion of the

first-order wavefunction to double excitations. This is labeled by "-D" in the applications.

To stress the inclusion of single excitations in addition to doubles, acronym "-SD" is used.
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Eqs.(12)-(14) and (25), (32)
with Λ̂ = F̂

Φ

Ψ
(1)
MP-MCPT Eq.(15) E

(2)
MP-MCPT

Eqs.(21) and (30)-(32)
with Λ̂ = F̂

Θ+
ij and Θ+

ab

Eqs.(29) and (37)-(38)
cost ∼ n2

occ · n4
virt

Λij,Λab and Λia

Eqs.(12)-(14) and (25), (32)

Ψ
(1)
PAPT-MCPT Eq.(15) E

(2)
PAPT-MCPT

Iterate for SC?Converged?

Eqs.(21) and (30)-(32)

End.

no

yes

yes

no

Figure 1: Flowchart of the PAPT-MCPT procedure. Gray font used for Eqs.(37)-(38) and
Λia indicates that these are not in effect in an exclusively doubles’ procedure, c.f. Section 3.

The exclusively doubles’ strategy removes the contribution of single excitations from

projection functions, c.f. Eq.(30) and keeps Λia = 0 in agreement with the fact that (ĤΦ)S

is not constructed, c.f. Eqs.(36). In Fig. 1 Eqs.(37)-(38) and Λia are typed with gray font

to indicate that these are not in effect in an exclusively doubles’ procedure.

17

https://doi.org/10.26434/chemrxiv-2024-jp0vj ORCID: https://orcid.org/0000-0001-7376-2637 Content not peer-reviewed by ChemRxiv. License: CC BY-NC-ND 4.0

https://doi.org/10.26434/chemrxiv-2024-jp0vj
https://orcid.org/0000-0001-7376-2637
https://creativecommons.org/licenses/by-nc-nd/4.0/


Difficulties accompanying the MR generalization of PT are also demonstrated by a nu-

merical characterization of size-inconsistency of the MP version of MCPT vis à vis its PAPT

variant.

3.1 BeH2 potential curve

The covalent bond cleavage and formation process is monitored with the help of the nine

standardized geometry points (A-I) of Purvis and Bartlett.99 The Be atom lays in the origin

and the two H atoms are placed symmetrically to the z-axis with coordinates in atomic unit

(0,±2.54, 0), (0,±2.08, 1.0), (0,±1.62, 2.0), (0,±1.39, 2.5), (0,±1.275, 2.75), (0,±1.16, 3.0),

(0,±0.93, 3.5), (0,±0.70, 4.0), and (0,±0.70, 6.0), respectively. The process can be consid-

ered as the perpendicular insertion of a Be atom into a H2 molecule, when advancing from

point I to A.

The performance of PAPT-MCPT is monitored in cc-pVDZ basis set, taking either a

two-determinantal CAS(2,2) or a perfect pairing generalized valence bond (GVB) function

as reference. The latter corresponds to a direct product of two CAS(2,2) functions in the

valence space, giving a total of four determinants contributing to Φ.

The CAS(2,2) active space is commonly constructed with the help of symmetry-conforming

a1 and b2 molecular orbitals (MO) around the Fermi-level, taken e.g. from restricted HF

(RHF). These two orbitals swap role along the process,99 b2 being more occupied at geom-

etry points A-E and a1 contributing more to the reference in the region F-I. Focusing on

the mid region of the reaction path, active natural orbitals are displayed with occupation

numbers in Fig.2. The two orbitals of fractional occupation numbers changing role between

columns E ad F is apparent in the first row of Fig.2, labeled "CAS i.r. orbs.". In view that

Purvis et al. reported on a symmetry-breaking RHF solution, it is not surprising that the

CAS(2,2) wavefunction of proper symmetry corresponds to a local minimum on the parame-

ters’ hypersurface in the region A-F. A solution lower in energy by cca. 10-20 mEh according

to Table 1 can be constructed with orbitals not transforming according to any irreducible
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representation (ir. rep., i.r.) of the molecular point group. These orbitals, depicted in the

middle row of Fig.2 labeled "CAS non-i.r. orbs.", feature nearly equal population at the

mid region. Unitary freedom is however given only with strict degeneracy of the populations

(close to point F), leading to spatial symmetry breaking of the total wavefunction at all

other arrangements in the A-F segment of the process. The "CAS non-i.r. orbs." orbitals at

point E in Fig.2 largely resemble the symmetry-breaking set obtained by orbital-optimized

pair-coupled cluster doubles,100 with a reduced extent of quasi-degeneracy of occupation

numbers. The spatial symmetry-breaking CAS(2,2) solution could not be continued beyond

point F.

Active orbitals of the non-i.r. CAS(2,2) solution are also reminiscent of the natural

orbitals of the GVB wavefunction at point E, where this model exhibits (near) degeneracy

of the population of two MOs. An all valence GVB wavefunction for BeH2 is composed

of two (mutually orthogonal orbitals’ built) CAS spaces, there are accordingly four orbitals

with fractional occupation in the row labeled "GVB" in Fig.2. Character of the GVB

natural MO’s is again well known to be localized in space in regions where electron pairs

reside mostly in accordance with chemical intuition. These orbitals vary the most along the

reaction monitored: in region A-D they can be assigned to Be-H bonds (see column D in

the last row of Fig.2), while in region F-I they can be assigned to the Be atom and the H2

subunits of the system (c.f. column F). Geometry E represents a switching point for GVB,

where natural MO’s unusually delocalize, the wavefunction as well as its energy getting close

to the global minimum CAS(2,2), c.f. Table 1. At other points of the reaction path, there is

a further 8-20 mEh energy gain when getting from the global minimum CAS(2,2) to GVB.

Figures 3-5 display second order MCPT results for these reference wavefunctions, pro-

ceeding in the order shown of Fig.2. Results by MBPT, based on the RHF determinant are

included for comparison. In accordance with the increased multi-reference character of the

system, errors shoot up in the mid region of the reaction pathway and are slightly larger

in the G-H segment than at the starting, A-C interval. Performance of MCPT in reducing
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D E F

CAS
i.r.
orbs.

2.00 1.94

0.06

2.00 1.63

0.38

2.00 1.55

0.45

CAS
non-
i.r.
orbs.

2.00 1.0004

0.9996

2.00 1.0002

0.9998

2.00 1.0000

1.0000

GVB
1.94

0.06

1.94

0.06

1.99

0.01

1.00

1.00

1.91

0.09

1.82

0.18

1

Figure 2: Natural orbitals of the valence shell for BeH2 at geometry points D, E and F by
CAS(2,2) and by valence GVB. Occupation numbers are given below the orbital contour
plots. See text for more.

the error of MBPT improves with the increasing quality of the reference, in the order of

Fig. 3, 4, 5. Point D in Fig. 4 is an exception, where MCPT errors are larger than those

by MBPT. This is a consequence of the high open-shell character of the CAS(2,2) reference

with non-ir. rep. orbitals, whereas either CAS(2,2) with ir. rep. orbitals or GVB provides a

single, closed-shell determinant dominated picture. It is also immediately apparent in Figs.

3-5 that the numerical effect of the PAPT procedure is more significant than the step from

single-reference to the multi-reference level. The former often improves the error by 80-99

%, while MCPT typically reduces the error of MBPT only by 5-50 %, omitting outliers both

in the positive and negative direction.

To grab the effect of PAPT, thinner bar insets are to be compared with the surrounding
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Table 1: Energy error of BeH2 in mEh by various reference functions in cc-pVDZ basis at
standardized geometry points of Purvis and Bartlett.99 For CAS(2,2), optimized orbitals are
either irreducible representations of the molecular point group (i.r.) or not conforming with
the molecular symmetry (non i.r.). See Fig. 2 for illustration.

geometry E − EFCI (mEh)
CAS(2,2) GVB

i.r. orbs. non-i.r. orbs.
A 67.8 56.2 45.0
B 65.6 57.7 45.5
C 72.5 57.4 40.4
D 77.8 56.0 39.7
E 98.2 55.2 55.2
F 75.8 55.5 47.5
G 69.5 n.a.a) 45.4
H 63.8 n.a. 46.4
I 62.5 n.a. 44.4

a): no solution with symmetry-breaking MO’s could be located

thicker bars in the Figures. Focusing on PAPT at the MR level, the error of the original

partitioning is uniformly and successfully reduced by PAPT. The magnitude of the effect

however lags behind PAPT at the SR level, the latter mostly outperforming PAPT-MCPT2,

apart from the highly challenging mid region. Regarding that PAPT-MCPT2 compares more

favorably with PAPT-MBPT2 in the A-C interval, than in the G-I interval, this defect can be

probably attributed to an imbalanced treatment of static and dynamic correlation in the MR

level PAPT extension. In other words, PAPT-MCPT2 is more sensitive to the inadequacy of

the pivot assumption than MP-MCPT2. This is also apparent from comparing parallelity of

MP-MCPT2 and PAPT-MCPT2 along the reaction path, in any of the figures: the former

curve is significantly more flat, than the latter. At the same time, the success of extending

PAPT to the MR level is demonstrated by the results in E and F geometry points in Figs. 4,

5 and E in Fig. 3. In these cases PAPT-MBPT2 suffers seriously from the breakdown of the

SR approximation, that is amended by an MR PAPT approach. Geometry point D remains

challenging for PAPT-MCPT2, its shortcomings getting on the same footing with the defect

of PAPT-MBPT2 in Figs. 3 and 5. The reason for PAPT-MCPT2 being considerably worse

than PAPT-MBPT2 at point D in Fig. 4 is the highly open-shell character of the CAS(2,2)
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wavefunction, vide supra.

Inclusion of single excitations has a negligible energetic effect both in the MP partitioning

of MCPT and with PAPT-MCPT. This can be inferred from comparing error bars of "-D"

methods with those of "-SD" in Figs. 3-5 and represents a justification of the strategy of

treating single excitations in PAPT-MCPT2.

A B C D E F G H I
0

10
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30

40

50

60

70

E
E F

CI
 (m

E h
)

MBPT2
PAPT-MBPT2
MP-MCPT2-D
MP-MCPT2-SD
PAPT-MCPT2-D
PAPT-MCPT2-SD

Figure 3: Energy error, E − EFCI of BeH2 in mEh by various partitionings in single-reference
MBPT and multi-reference MCPT in cc-pVDZ basis at standardized geometry points of
Purvis and Bartlett.99 Reference function for MCPT is CAS(2,2), with ir. rep. optimized
orbitals.

The result of solving the PAPT-equations in a self-consistent manner is displayed in Figs.

6-8. According to our numerical experience, self-consistent iteration of PAPT is highly sen-

sitive to the treatment of single excitations. For this reason it was used as study case when

crafting the singles’ strategy according to Eq.(36). Our initial approach of formulating a sin-

gles’ equation in the spirit of Eq.(29) was abandoned for notoriously destabilizing convergent

SC-PAPT-MCPT iterations when stepping from exclusively doubles to a singles and doubles

scheme. Thin bar insets in Figs. 6-8 indicate the result of self-consistent iteration with the

surrounding thicker bars showing PAPT errors at the first iteration step. Wherever the thin

inset is missing, convergence could not be reached with simple techniques, e.g. level-shift.
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Figure 4: The same as Fig.3, with CAS(2,2) reference for MCPT, non-ir. rep. optimized
orbitals.
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Figure 5: The same as Fig.3, with GVB reference for MCPT.

The marginal effect of singles in course of the self-consistent iteration can be grasped in

Fig. 7: even the tiny energetic difference between the "-D" and "-SD" schemes is obliter-

ated by SC. Altogether, Figs. 6-8 demonstrate that the effect of self-consistent iteration is

rather negligible and does not seem worthy of the numerical effort, all the more so since
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results occasionally deteriorate, c.f. points G-I with SC-PAPT-MBPT2 and point E with

SC-PAPT-MCPT2 in Fig. 6.

A B C D E F G H I
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E
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CI
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PAPT-MBPT2
SC-PAPT-MBPT2
PAPT-MCPT2-D
SC-PAPT-MCPT2-D

Figure 6: The same as Fig.3, with PAPT equations iterated till self-consistency.
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Figure 7: The same as Fig.4, with PAPT equations iterated till self-consistency.

HOMO-LUMO gaps collected in Table 2 provide an insight into the effect of partitioning

optimization on the value of parameters. Inspecting the effect of PAPT equations of Eq.(29),
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Figure 8: The same as Fig.5, with PAPT equations iterated till self-consistency.

the picture is similar in the SR and MR context. Comparing either MBPT2 with PAPT-

MBPT2 or MP-MCPT2-SD with PAPT-MCPT2-D, we find that the gap of the one-body

zero-order Hamiltonian closes for all cases shown in Table 2. When including Λia parameters

together with Eq.(37), the picture changes character: gaps in PAPT-MCPT2-SD rather

open than close with respect to MP-MCPT2-SD. The only exception in Table 2 is the

GVB reference at point F where the PAPT-MCPT2-SD gap is smaller than that of MP-

MCPT2-SD, it is however larger than PAPT-MCPT2-D. The rather dramatic difference

between PAPT-MCPT2-D and PAPT-MCPT2-SD gaps in Table 2 is in sharp contrast with

the negligible energetic effect of single excitations in Figs. 3 and 5. The reason behind

is that while Eq.(37) may generate rather large Λia elements in absolute value in the off-

diagonal block of Λ, the Brueckner-condition suppresses their contribution to the first-order

wavefunction.
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Table 2: HOMO-LUMO gap in Eh of the one-body zero-order Hamiltonian, F̂ or Λ̂ in various
PT schemes, for the BeH2 system in cc-pVDZ basis. The Fockian is diagonalized for MBPT
and MP-MCPT while eigenvalues of Λ̂ are taken for PAPT-MBPT and PAPT-MCPT. Either
a CAS(2,2) on i.r. optimized orbitals or GVB serves as reference.

geometry D geometry F
MBPT2 0.2391 0.1748
PAPT-MBPT2 0.1701 0.0572

CAS(2,2) GVB CAS(2,2) GVB
MP-MCPT2-SD 0.2413 0.2466 0.2063 0.2088
PAPT-MCPT2-D 0.2204 0.1581 0.0053 0.0961
PAPT-MCPT2-SD 0.5234 0.3900 0.8813 0.1577

3.2 Size-inconsistency

Extensivity is a chief characteristic of many-body methods, often ensured via a diagrammatic

formulation and relying on the linked cluster theorem.1,2,40,101–103 With proper choice for the

zero-order, extensivity of SR MBPT is thereby guaranteed. It has been shown in the SR

case, that PAPT conserves extensivity of MBPT2.41 However much extensivity is a desired

property, PT methods at the MR level often violate it. In lack of connectivity arguments, it

is customary to test the more easily attainable, closely related concept of size-consistency.

This Section presents numerical assessment of the effect of PAPT on size-inconsistency

at the MR level. The test example is provided by two non-interacting LiH molecules in

two basis sets. The results collected in Table 3 indicate that size-consistency violation is

roughly doubled by the exclusively doubles’ procedure, PAPT-MCPT2-D. Size-inconsistency

is further accentuated by PAPT-MCPT2-SD in the 6-31G basis but remains unaffected in

cc-pVDZ basis. This difference can be attributed to the appearance of Λia parameters.

In the 6-31G basis non-negligible core-virtual elements appear in Λ. This increases size-

inconsistency in line with previous observation on the role of off-diagonal blocks in the

zero-order Hamiltonian matrix between different excitation levels in spoiling this property.64

The cc-pVDZ basis remaining unaffected is explained by the fact that the core is frozen, and

Λia parameters with valence occupied indices remain insignificant. Altogether, inconsistency

in the range of tenths of a mEh to mEh is to be compared to the second order correction to
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the total energy falling in the order of 10 mEh for the monomer.

Table 3: Size-consistency errors for the LiH dimer in mEh. The reference state is a CAS(2,2)
on the monomer, and their direct product for the dimer. Bond length of the monomer units
is 2.00 Å . Core electrons are correlated in calculations in 6-31G basis and are frozen in
cc-pVDZ basis.

basis set 6-31G cc-pVDZ
MP-MCPT2-SD 0.12 0.54
PAPT-MCPT2-D 0.22 1.07
PAPT-MCPT2-SD 0.32 1.07

4 Conclusion

An extension of Knowles’s recently introduced partitioning optimization to the MR level has

been performed in the MP-MCPT framework. Pivot-dependence of the parent PT facilitates

a relatively straightforward MR formulation, conserving main features of SR PAPT, in par-

ticular: i) vanishing third-order energy contribution in the self-consistent case; ii) uniqueness

of the zero-order parameters apart from an immaterial constant shift and iii) compliance with

the Brillouin-condition in the single-determinantal limiting case.

Numerical tests indicate that PAPT-MCPT2 successfully reduces the error of the original

MP-type partitioning of MCPT. At the same time, apart from cases of significant MR

character, performance of PAPT-MCPT2 falls behind that of PAPT at the SR level. This is

attributed to an increased pivot dependence brought about by the MR level PAPT equations

and motivates further efforts towards a pivot independent extension of the theory.
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